EMBEDDING OF THE OPERATOR SPACE OH AND THE 
LOGARITHMIC 'LITTLE GROTHENDIECK INEQUALITY' 



MARIUS JUNGE f 

Abstract. We use Voiculescu's concept of free probability to construct a completely isomorphic 
embedding of the operator space OH in the predual of a von Neumann algebra. We analyze the 
properties of this embedding and determine the operator space projection constant of OH n : 



— J ~, < inf ll^ll h < 2887T,/ 2n . 

108 yi + lnn " P:B(i 2 )~>OH n ,pi=p u Ucb ~ Vl + lnn 

The lower estimate is a recent result of Pisier and Shlyakhtenko that improves an estimate of 

order 1/(1 + Inn) of the author. The additional factor 1 /%/ 1 + In n indicates that the operator 

space OH„ behaves differently than its classical counterpart We give an application of this 

formula to positive sesquilinear forms on B(H). This leads to logarithmic characterization of 

C*-algebras with the weak expectation property introduced by Lance. 
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0. Introduction and notation 



Probabilistic techniques and concepts play an important role in the theory of Banach spaces 
and operator algebras. For example, the Khintchine inequality and the 'little Grothendieck 
inequality' are fundamental tools in Banach space theory. In the theory of operator algebras 
probabilistic concepts are important in Takesaki's proof of Sakai's theorem (see |Ta I| ) and in 
Connes' characterization of injective von Neumann algebras (see |Clj ). Pisier/Haagerup's non- 
commutative version of Grothendieck's inequality (see e.g. |Pslj ) and Grothendieck's inequality 
for exact operator spaces in |.TPj use probabilistic techniques. This latter result is inspired by 
'Grothendieck's program for operator algebras' which motivates fundamental research in the the- 
ory of operator spaces. In Pisier/Shlyakhtenko's Grothendieck theorem for operator spaces (see 
PS ) and for the results in this paper the use of free probability is crucial. 

We follow Grothendieck's ideas and investigate positive sesquilinear forms on C*-algebras. 
Let us first recall the so-called 'little Grothendieck inequality' on C(-?T)-spaces. Grothendieck 
|U] showed that for every bounded linear map v : C(K) — » £2 there is a probability measure /i 
on C{K) such that (0.1) holds for all / G C(K): 
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(0.1) 



HfW < -?= 



7T 



\f\ z d» . 



K 



The constant ^= is optimal for complex C(K) spaces. Bounded positive sesquilinear forms on 
C(K) (i.e. possibly degenerate scalar products) are in one-to-one correspondence with bounded 
linear maps v : C(K) — > £ 2 via B(f,g) = (v(f),v(g)). For a probability measure [i we may 
define the positive sesquilinear form as follows 



fgdv 



K 



According to Grothendieck's work, is the prototype of an integral linear form. Integral 
forms are continuous functionals on the injective Banach space tensor product C(K) ® £ C(K) = 
C(K x K). Indeed, we have 



^2 fkQkdfi 



k=l 



< sup 

t&K 



n 

E 

k=l 



fk(t)9k(t) 



< sup 

t,s£K 



^fk(t)gk{s) 



k=l 



for all finite sequences (_/&) and ((/%)• We say that a positive sesquilinear form B is majorized by 
a bilinear form B, in short B < B, if 

B(x,x) < \B(x,x)\ 

holds for all x. Therefore, the 'little Grothendieck inequality' implies that every bounded positive, 
sesquilinear form is majorized by an integral linear form (even a positive, integral, sesquilinear 
form) . 

We will now discuss the analogue of this result in the context of C*-algebras. Let Ai C B(H) 
and A2 C B{K) be C*-algebras. For C*-algebras we shall replace the Banach space injective 
tensor norm by the smallest C*-tensor norm A\ ® m i n A2 on A\ ® A 2 . This norm is given by the 
inclusion A\ <8> m in A2 C B(H K). In this context a bilinear form B : A\ x A\ — > C is called an 
integral form if there exists a constant C > such that 



k=l 



Xk,Vk) 



< C 



n 

E 

k=l 



Xk ® Vk 
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holds for all finite sequences (xjA C A\, (y^) C A%. The smallest possible constant is the norm of 
B as a linear functional on ^4i<S> m i n ^42 an d will be denoted by ||-B||j. From the theory of operator 
spaces it is clear that the 'appropriate' substitute for 'bounded bilinear form' is the notion of a 
'jointly completely bounded form'. A bilinear form B : A\ x A2 — > C is jcb (jointly completely 
bounded) if there exists a constant C such that 



(0.2) 



S ^B(a kl b j ) x k ® yj 

k,j 



< c 


^2 a k i 


5 x k 




Yl h i ® y i 




k 






j 



M m (A 2 ) 
The jcb-norm ||S|| - c6 



is 



holds for all finite sequences (a k ) C A±, (bj) C A2 and (x k ), (yj) C M, 
given by the infimum over all C satisfying (j0.2|L Following Grothendieck's categorial approach it 
is natural to ask whether every positive, sesquilinear jcb form is majorized by an integral form. 
In contrast to the commutative case this fails in the noncommutative setting: 

Theorem 1. There exists a positive, integral, sesquilinear form on B(H) which can not be 
majorized by an integral form. More precisely, for every n £ N there exists a positive, integral, 
sesquilinear form B on B(H) of rank n such that 

(0.3) (1+hm) \\B\\ jcb < C\\B\\j 

holds for all B satisfying B < B. 

The factor (1 + lnn) in (|0.3j) is optimal. Indeed, Pisier/Shlyakhtenko |PSj showed that if B a 
positive, integral, sesquilinear form on B(H) of rank n, then there exists an integral, sesquilinear 
form B with B < B such that 

(0.4) 11511/ < C(l + lnn)||i% 6 . 

In fact, Pisier/Shlyakhtenko |PSj improved an estimate of the author (see j.T3j ) of the order 
(1 + lnn) 2 in (|().4|) . Following Pisier's work (see |Ps4j ). positive sesquilinear jcb forms are closely 
connected to completely bounded linear maps with values in the operator space OH (for defini- 
tions see below). Our approach to Theorem 1 is probabilistic in nature. We find an embedding 
of the operator space OH in a noncommutative L\ space, imitating the classical embedding of £2 
via Gaussian variables. The properties of this embedding of OH then yield the logarithmic term. 

We recall some operator space notation before giving more details. An operator space F comes 
either with a concrete isometric embedding 1 : F — > B(H) or with a sequence (|| || ) of matrix 
norms on (M m (F)) such that 

Ruan's axioms (see e.g. |ER2| ) describe axiomatically those sequences of matrix norms which 
can occur from an isometric embedding in B(H). The morphisms in this category are completely 
bounded linear maps u : E — > F, i.e. linear maps such that 



\u\ 



cb 



sup 1 1 id (8) u : M m (E) -> M m (F)\\ 



is finite. We denote by CB(E,F) the Banach (operator) space of completely bounded maps 
equipped with this norm. Hilbertian operator spaces are of particular interest. For example the 
column and row spaces of matrices 



K c = B(C,K) CB(K) and K r = B(K,C) C B(K) 
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play a fundamental role. Pisier discovered that the sequence of norms on M m (g) K obtained by 
the complex interpolation method 

(0.5) M m {K oh ) = [M m (K c ),M m (K r )]i 

defines a sequence of matrix norms on M m ® K satisfying Ruan's axioms. Thus (|U,5|) defines an 
operator space structure on K denoted by K oh . In particular, for K = £ 2 we find a sequence of 
operators (T^) C B(£ 2 ) satisfying 



k=l 



M m (B(t 2 )) 



=1 



1 1 

2 / 00 \ 2 



= sup [ y tr(ax* k bxk) 

M^®M m Nl 2 ,ll&ll 2 < 

for all sequences (x k ) E M m . The operator Hilbert space OH = l 2 is the span of the (Tfc)'s. It is 
still unclear how to construct 'concrete' operators (Tfc) satisfying this equality. The investigations 
in this paper may be considered as a starting point in this direction. We need the concept of the 
standard dual E* of an operator E. The operator space structure on E* is given by the isometric 
equality 

M m (E*) = CB(E, M m ) . 

Here a matrix [x*A of functional corresponds to the linear map x 1— ► [x*j(x)]. In particular, duals 
of C*-algebras and preduals of von Neumann algebras carry a natural operator space structure. 

With the help of the operator space dual it is easy to explain why the notion of jcb forms 
is the natural analogue of bounded bilinear forms on Banach spaces. Indeed, a bilinear form 
B : FxE — > C is jcb if and only if the corresponding linear map Tg : E — > F* , Tb{x){u) = B(y,x) 
is completely bounded. We will now explain the connection to the operator space OH. Given a 
positive sesquilinear form B : E x E — > C, we may consider L = {x \ B(x,x) = 0}. We denote 
by K the Hilbert space obtained by completion of E/L with respect to induced scalar product 
(x+L, x+L) = B(x, x). Then the natural map v : E — > K oh defined by v(x) = x+L is completely 
bounded if and only if B is jcb (see |Ps4j ) . This equivalence yields a one to one correspondence 
between positive, sesquilinear jcb forms and completely bounded maps with values in OH. It 
allows us to derive Theorem 1 from properties of the operator space OH. 

A key new ingredient is a formula of Pusz /Woronowicz for the square root of two sesquilinear 
forms (see |PWj and ()3.1[0 . In section 3, we show how this formula (and its new dual version) 
provides a concrete realization of OH as a subspace of a quotient of the direct sum R(BC. Let us 
be more specific. Inspired by |PWj we consider the probability measure dfi(t) = dt/(-K^t(l - t)) 
on [0, 1] and the two measures dv\(t) = t~ 1 d/j,(t), du%(t) = (1 — t)~ dfj,(t). Then the direct sum 

n = L c 2 (iy 1 - 1 e 2 )eL r 2 (u 2 ;£ 2 ) 

is an operator space. On 7i, we define the map Q : TL — > Lq(/j,;£2) by 

Q{x 1 ,x 2 )(t) = xi(t) +x 2 (t) G £ 2 . 

It is easily checked that M m (H/S) = M m (TL)/M m (S) defines a sequence of matrix norms 
satisfying Ruan's axioms and therefore 

G = H/ker(Q) 

is an operator space. Then, we may consider the subspace F C G of equivalence classes (x%, x 2 ) = 
ker(Q) such that x\ + x 2 is a ^-almost everywhere a constant element in £ 2 . The operator space 
structure of OH is encoded in [i and the two densities 1/t and 1/(1 — t): 
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The embedding of G into the predual of a von Neumann algebra uses free probability. We first 
extend Voiculescu's inequality for the norm of the sums of free independent random variables 
to the operator-valued setting. This operator-valued version of Voiculescu's inequality provides 
estimates for the cb-norm of linear maps. Voiculescu's inequality naturally involves three terms. 
Using a central limit procedure, we may eliminate one of them. These methods can be used to 
show that arbitrary quotients of R © C embed in the predual of a von Neumann algebra. In a 
subsequent paper [J4] we will elaborate this fact and construct an embedding of OH in the predual 
of a hyperfinite factor. For our applications, it is important to know that the underlying von 
Neumann algebra is QWEP. Let us recall that a C*-algebra has the weak expectation property 
(WEP) if there exists a (complete) contraction P : B(H) — > A** such that P\a = id a- A C*- 
algebra is QWEP if it is the quotient A = A/ 1 of some C*-algebra A with WEP by a two-sided 
ideal /. It is an open question whether every C*-algebra is QWEP (see |Ki2j ). 

Theorem 3. G is completely isomorphic to a completely complemented subspace of the predual 
N* of a von Neumann algebra N with QWEP. In particular, OH embeds into N*. 

Recently Pisier |Ps7j showed that no embedding of OH is possible in the predual of a semifinite 
von Neumann algebra. Type III von Neumann algebras are indeed necessary for embedding OH 
in noncommutative L\ spaces. 

The factor (1 + ln n) is a result of norm calculations in the predual of the tensor product of two 
von Neumann algebras. This approach is again motivated by Grothendieck's work on absolutely 
1-summing maps. Let us denote by itf the absolutely summing norm for Banach spaces (see 
|Pslj ). Let gi, g n , g[, g' n be independent, normalized, complex Gaussian variables. Follow- 
ing Grothendieck's work we know that 

o. . 7T 

71"! [idq) = - 

The first 'equality' remains true in the operator space context if we replace independent Gaussian 
random variables by a suitable tensor product of noncommutative random variables. However, 
calculating this tensor norm in the noncommutative context is more involved. We show that it 
can be calculated as an element of a 4-term quotient of classical Banach spaces (see section 5). 
The outcome of these norm calculations provides the logarithmic factor: 



n . 



i=l 



T.i(\n 1121 



Theorem 4. Let u : G — » iV* be the embedding from Theorem 3 and (fj~) be the unit vectors 
basis in F and n £ N. Then 



^uifk) ® u(f k ] 



fc=i 



y/n(l +ln 



n 



{N®N) t 



In section 4, we show that Theorem 4 implies an estimate on the completely 1-summing norm 
of the identity map on OH n (see section 4 for a definition). Using the well-known concept of 
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trace duality, we obtain estimates for the operator space projection constant 

\ cb {OH n ) = inf ||P|U . 

P:B(l 2 )^OH n ,P\ OHn =id 



Corollary 5. Let n G N. Then X cb (OH n ) ~ ^/ T +^. 

If P : 0(^2) — * OfZn is the optimal projection, then B(x,y) = (P(x), P(y)) provides an 
example for Theorem 1 where the logarithmic term is necessary (see again section 4). I learned 
from C. le Merdy that the analogue of the 'little Grothendieck inequality' fails for the reduced 
C*-algebra of the free group in ra-generators. Using Haagerup's characterization of C*-algebras 
with WEP in terms of selfpolar forms, we can show in section 2 that WEP is the crucial property. 

Theorem 6. Let A be a C* -algebra and a > 0. A has WEP if and only if there exists a constant 
C a such that every positive sesquilinear form B of rank n on A is majorized by an integral 
sesquilinear from B satisfying 

\\B\\i < C a (l + lnn) a ||5|| io6 . 

Moreover, if A is not a subalgebra ofC(K,M m ) for some m, then this condition is satisfied only 
for a > 1 . 



In section 1 we provide some background and notation. Theorem 6 is proved in section 2. 
The Pusz/Woronowicz formula and its application to OH is contained in section 3. Recently, 
alternative pairs of measures have been found (see pX2 ) which lead to nicer representations 
of OH but are beyond the scope of this paper. In section 4 we prove Theorem 1 assuming the 
probabilistic result Theorem 3 (see section 7) and the norm calculation in section 5. In section 
6, we investigate different notions of K-functionals, in particular 3-term K-functionals. These 
.fT-functionals arise naturally in the context of Voiculescu's inequality in section 7. At the end of 
the paper we show that the free product of von Neumann algebras with QWEP is again QWEP 
(see Theorem 17. 15[) , This result might be of independent interest. 

We would like to thank U. Haagerup for the collaboration on the proof of Proposition 17. 11 We 
also thank the anonymous referees, J. Parcet, Anthony Yew and in particular Q. Xu for patient 
readings of different versions of this paper and many helpful suggestions. 



1. Preliminaries 

We use standard notation in operator algebras as in |Ta II IKR1 I5tj . Let A\ C B(H) and 
A2 C B(K) be C*-algebras. The norm on A <g> B induced by the inclusion A (g> B C B{H ®2 K) is 
called the minimal C*-norm. We use A <8> m i n B for the completion of A tg) B with respect to that 
norm. Here we have used H (g>2 K for the unique tensor product making H ® K a Hilbert space 
(often called the Hilbert-Schmidt norm). Let iV C B(H), M C B{K) be von Neumann algebras. 
We denote by N®M the closure of N M in the weak operator topology. For a C*-algebra 
A, we denote by A op the C*-algebra defined on the same underlying Banach space but with the 
reversed multiplication x o y = yx. By A, we denote the C*-algebra obtained from he complex 
multiplication X.x = Ax on A. Thus A and A coincide as real Banach algebras. We see that 
the map j : A op — > A given by j{x) = x* is a C* -isomorphism. 
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The notation E ® £ F is used for the completion of E (g) F with respect to the largest tensor 
norm in the category of Banach spaces. Similarly, we will use E®^F for the completion of E<g>F 
with respect to the biggest tensor norm in the category of Banach spaces. For Hilbert spaces 
H and K, the space of trace class operators is denoted by H ® n K or Si(H,K). Similarly, we 
use the notation H ® e K = IC(H, K) for the space of compact operators. We note the trivial 
inclusions 



(1.1) 



H< 



K C H® 2 K C H® £ K. 



We assume the reader to be familiar with standard operator space terminology which can be 
found in the monographs |ER2j or |Ps6j . We will need some basic facts about the column 
Hilbert space K c = B(C, K) and the row Hilbert space K r = B(K, C) of a given Hilbert space 
K. Given an element x = [xij] 6 M m (K c ), the norm is given by 



(1.2) 



lM m (K c ) 



X X 



k 



Mr, 



Here (x, y) denotes the scalar product of x and y. We will assume that scalar products are 
antilinear in the first component. Similarly, we have 



\M m (Kr) 



^ j ip^ikj Xjk) 



2) r for the column 



:i-3) im _ 

M. 

We use the standard notation C = l\, C n = {i^) c and R = P~ 2 , R n 
and row Hilbert spaces. We refer to [Ps4l IFs6] for more details on the operator Hilbert space 
K oh = [K c ,K r ]i and interpolation norms. For K = £2 and K = we wm simply write 
OH = and OH n = (P^ )° h - We denote by (e^) the natural unit vector basis. Given a sequence 
(xk) C B(H), we define the associated linear map u : OH — > B(H) defined by u(ek) = Xk and 
have 



(1.4) 



\u : OH — > Im(u) 



\cb 



\cb 



^^Xk®Xk 

k 



The Hilbertian operator spaces K c , K r and K oh are homogeneous, i.e. for s S {c, r, oh} and 
every bounded linear map u : K s — > K s , we have 



Icb 



In terms of general operator space notation, let us recall that a complete contraction u : E — > F 
is given by a completely bounded map with ||u|| cb < 1. We say that two operator spaces E and 
F are X-cb isomorphic if there exists a linear isomorphism u : E — > F such that \\u\\ cb ||w _1 || cfe < 
A. An operator space E is X-completely complemented in an operator space F if there exist 



completely bounded maps u : E — > F and v : F — > such that fu = idg and ||n| 



c6 



Ic6 



< A. 



Quotient operator spaces G = V/E are important in this paper. We refer to the introduction 
for the definition of the operator space structure M m (G) = M m (V) / M m (E) . If T : V — ► X is 
a completely bounded map which vanishes on F, then T induces a unique map T : V/E — > X 
defined by f (x + F) = T(x). We have ||T|| cfc = ||f|| c6 . 

The injective tensor product E ® m - m F of two operator spaces E C B(H), F C B(K) is the 
completion of E®F with respect to the norm induced by the inclusion map E^mmF C B(H®2K). 
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The norm does not depend on the underlying completely isometric embedding. The projective 

A 

tensor product E ® F is defined such that 

(E®F)* = CB(E,F*) _ CB(F,E*) . 
See |Ps6MER2] for details. Recall that a bilinear form B : E x F — ► C is jcb if and only if its linear 

A 

extension to B : E ® F — > C is continuous. Moreover, i? induces the linear map Tb '■ E — > F* , 
Tg(e)(/) = B(e,f) which satisfies 

||i% 6 = ||S : E ® F -+ C|| = ||T B : £ - F*|| c6 . 

A 

Note that the operator space projective tensor product is indeed projective, i.e. E/F ® X = 

A A 

E (g) X/F (g) X. Moreover, if N is an injective von Neumann algebra and E\ is completely 
isometrically embedded in E2, then we have an isometric inclusion 

(1.5) iV* ® £?i C N*® E 2 . 

The direct sum E ® p F oi given operator spaces E 1 and .F is defined for p = 00 and a matrix 

[acjfcj] with scjy = (e M ,f k i) by 



lAf m [BeooF] - ma - x {\\i e kl}\\M m (E) i\\ifkl}\\M m (E)} ■ 

The operator space 2£©i F is defined by its canonical inclusion in {E* ®oo F*)* . For 1 < p < 00, 

the operator space structure is given by complex interpolation E @ p F = [E ©oo F, E ©1 F] 1 . 

_^ — — _____ ————— p 

We refer to |Hli 1H2| , |Tej and |Ta 111 ITa lllj for the general theory of noncommutative L p - 

spaces. Let cf> be a normal, semifinite faithful weight with modular automorphism group af. For 

< p < 00 the space L p (N) = L p (N, <fi) is defined as a subset of (unbounded) operators affiliated 

with N xi 4, R. To be more precise, we denote by S the dual action and r the unique semifinite, 

normal, faithful trace on N x $ R such that r o 9 S = e _s r. The Haagerup L„-space is defined by 

a t 

L„(N) = L„(N,<j)) = {did r-measurable and 9 s (d) = exp( — )d\ . 

P 

We have an operator valued weight T{x) = J^6 s (x)ds from N Xi^R to N. For a functional 
4> £L N*, 4> o T defines a density G L\(N) such that o T(x) = r(d^x). The tracial functional 
(different from r) on L\{N) is defined by 

tr(tg = 0(1) . 

1 

For an element x in L p (N) the norm is given by ||x|| = (tr(\x\ p ))p . Let M C N be a von 
Neumann subalgebra with a faithful, normal conditional expectation E : N — > M. Then we 
have natural inclusion mappings i p : L P (M) — * L p (N). Indeed, let us assume that 4> is a normal, 
faithful state. According to jC2j we have 

(1.6) afoE = Eoaf oE 

for all t. Thus we have a natural inclusion M x iMciVxi «a b M. The restriction of 9* is the 
corresponding dual automorphism group and similarly for r. This yields an isometric inclusion 
L p (M) C L p (N) (see PXU for details). 
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L 2 (N) is a Hilbert space with scalar product (x,y) = tr(x*y). We will use the notation L^N) 
instead of L2(N) S for s G {c,r,oh}. In the theory of operator spaces it is customary to use the 
l {h j) ~ («, j)-duality' 

n 

([ x ij]i [ x ij]} = ^] x ij{ x ij) 

between matrices [x*j] G S™ (g) X* and [xy] G M n (X). Unfortunately, this is not consistent with 
the natural trace tr on n x n-matrices, which corresponds to 

n 

< Mj], [ x ij]} > = Yl X *ij( X ji) ■ 

This forces us to define the operator space structure on L\(N) by its action on N op . Since N 
and N op coincide as Banach spaces, we may consider i : Li(iV) — > (N op )* defined by 

40(2/) = t r ( d y) = 4>d(y) ■ 

Here 4>d is the linear functional associated with the density d in L\{N). This implies that 
(1.7) i{Li{N)) = . 

If (j) is a semifinite, normal, faithful weight, then <p n = tr n ® <p is a semifinite, normal, faithful 
weight on M n {N). Moreover, tr n ® r is the unique trace satisfying (tr n (g> t) o 9 s = e~ s {tr n ® r) 
and tr n (g) tr : Li(M n (N),tr (g> ^) — > C still yields the evaluation at 1. Therefore, we get 



IIK*y)]|| 



\[yij}\\ 



sup 

M n (N°P) 



<1 



ij=l 



sup 



»JJIIM„(AT) 



<1 



ij=l 



sup _Jtr n ®tr([y ii ][x ii ])| = || [scy] || Li(AJn mM<} 



\\[yij\\\Mn(N) 

The use of N° p enables us to 'untwist' the duality bracket and we have 
(1.8) Sf&L^Nrf) = Li(M n ®iV,ir n ®</>) 

Here we distinguish between the predual N° p and the concrete realization of N° p as space of 
operators Li(N, (j)). 

Column and row space interchange their roles when combined with the projective tensor. The 

A 

parallel duality send columns to columns. Therefore the dualities R n = C*, (Li(N) (8) R n )* = 
N ® min C n and (L X {N) (g> Sf )* = N®M n imply that 



(1- 



C^2 x t x k) 2 



k=l 



Y x k® ei,k 
k=l 



y^ x k®e k 

k=l 



Li(N)(S>Rn 



We will frequently use this well-known (though surprising) switch between the L\~ and Lqo~ 
theory. Given an arbitrary Hilbert space H, we denote by 

( , ) : (Li(iV) ® H) <g> (Li(N) ® H) Li(N) , (d x ® h u cfe ® h 2 ) = did 2 (hi,h 2 ) 

the vector-valued extension of the scalar product. Then ()1.9I) implies that 



(1.10) 



,x , x 2 



= llxll a and 



(x, X*)' 



Li(N) 



\X\ 



'Li(Af)®H c 
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for all x = Y^k x k®hk with x* = J2k x *k®^k £ L\(N)®H . Instead of the opposite structure N op , 
we will often work with an antilinear duality bracket. More precisely, the map I : ./V — > Li(N, <f>) 
given by 

(1.11) l(y){x) = tr{x*y) = ((x,y)) 

is a complete isometry. The symbol ((x,y)) = tr(x*y) is reserved for this antilinear duality 
bracket. Let us illustrate this duality in connection with (jl.lOj) . The dual space of the first 
column in L\(N(^)B(I!.2)) with respect to the antilinear duality bracket is the first column in 
N(&B(d.2)- For such that a column with entries (x^), the sum x* k Xk is converging in the weak 
operator topology. We use the suggestive notation B((.2)®C and B((.2)®R- Given an arbitrary 
Hilbert spaces H, we may still consider columns and rows after fixing a unit vector. We deduce 
from (jl.lOj) that we have complete isometries 

A * A * 

(1.12) Li(iV) <g> H r = N®H C and L X (N) ® H c = N®H r . 
In the sequel, we will use 

(1.13) S%[L?(N)] = L 2 (M n ®N). 

Equality Q1.13JI follows immediately from Ps5] in the hyperfinite, semifinite case. In the general 
case, we may first assume that N is cr-finite. Let ^ be a faithful normal state with density 
d £ Li(N). Then the map v : N — > L<z(N), v(x) = d^xdA is bounded. Note that v*v is the map 
M d i/ 2 d i/2 : N — > Li(N) given by M d i/ 2 ^/ 2 ( x ) = d^xdz. Hence |Ps41 Corollary 2.4] implies that 

[M^^W^Wli = Lf{N) 

completely isometrically. Therefore, we deduce from [K] and |Ps51 Corollary 1.4] that 

L 2 {M n ®N) = [(id <£> M d i/2 >d i/2 ) (M n ® N),Li (M n <g> iV)] 1 = S^[L° 2 h (N)] . 

Since every von Neumann algebra admits a strictly semifinite normal weight, (i.e. a weight which 
is an orthogonal sum of states), Q1.13JI follows by approximation for arbitrary von Neumann 
algebras. 

Let N be a semifinite von Neumann algebra and r a normal, faithful, semifinite trace. Then 

the classical L p -space L p (N,t) = [N, Li(N op , r)] 1 is (completely) isometrically isomorphic to 

p 

the Haagerup L p -space L p (N,r) (see |Tej for the explicit isomorphism). Moreover, ()1.8|) and 
(|1.15|) below also hold in the category of semifinite L p -spaces. 

An important result of Effros and Ruan (see e.g. ER2 ) shows that the projective tensor 
product is compatible with von Neumann algebras. Indeed, given von Neumann algebras N and 
M then 

(1.14) (iV* ® M*)* = N®M . 

Indeed, in the cr-finite with n.s.f. states and ip, the modular group of c/> ® ip is given by 
afe* = a? <g) of. We may then use L X (N) iV° p , L X (M) M op . This yields a completely 
isometric isomorphism 

(1.15) Li(JV®Af,^®^) (N®M)? = N° P ®M° P 9* Li(N,<f>) ®Li(M,^) • 
The general case follows by approximation from the cr-finite case. 
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2. A LOGARITHMIC CHARACTERIZATION OF C*- ALGEBRAS WITH WEP 

The notion of (2, o/i)-summing maps introduced in |Ps4j will be an important tool in this 
section. It allows us to find the smallest integral, sesquilinear form majorizing a given positive, 
sesquilinear form. A linear map u : E —* OH is called (2, oh)-summing if there exists a constant 
C > such that 



(2.1) 



W U ( X k) 



< c 2 



holds for all finite sequences C E. The (2, o/i)-summing norm is defined by iv^iu) = inf C, 
where the infimum is taken over all C satisfying (j2.1|) . 



Lemma 2.1. Let E be an operator space and B : E x E — > C be a positive sesquilinear form. 
Let L = {x G E : B(x,x) = 0} and K the completion of E/L with respect to the induced scalar 
product (x + L,y + L) = B(x, y). Then the linear map u : E — > K , u(x) = x + L satisfies 

i) B(x, y) = (u{x),u(y)) for all x,y G E, 



■ ■ \ ii 

n ) \H\cb 

hi) inf 



151 



B<B 



B 



jcb> 



7T. 



oh i 



U 



Proof: Equality i) is obvious from the definition of u. Assertion ii) is proved in |Ps41 Corollary 
2.4]. For the estimate " > " in hi), we assume that B is an integral form such that B < B. Let 
Zk be scalars such that \zk\ = 1 and ZkB(xk, Xk) = \B(xk, Xk)\- Then, we deduce from a version 
of the Cauchy-Schwarz inequality due to Haagerup (see |Ps71 (7.2)]) that 



Xki Xk) ^ y2\B(x k ,x k ) 



k 



< \\B\ 



Xk: ZkXk) 



< \\B\ 



^Xk® z k x k 

k 



y^x k ®x k 

k 



^ z k x k ® z k x k 
k 



\B\ 



^x k ®x k 

k 



holds for all (xk) C E. Taking the infimum over all B > B, we obtain 



Ei 



u{x k 



Xk ; Xk ) 



< inf 

B<B 



k 



Xk <» X k 



This implies that tt I 2 1 {u) 2 < inf fi< ^ ||-B||/. Conversely, we assume ()2.1(l . We apply a variant 
of the Grothendieck-Pietsch separation argument in the context of (2, o/i)-summing maps, see 
|Ps41 Theorem 5.7]. For this we shall assume that the operator space E is given by a concrete 
representation E C B(H). Then there exists an index set /, an ultrafilter U and nets (cij), 
in the unit sphere of S^H) such that 



(2.2) 



holds for all x £ E. For fixed i, we note that 



ill 



J i\\2 



aixbi\\ 2 = tr(aixbib*x*a*) 



tr(x*a*aixbib* 



{(bib*y,(x* ®x){a* i a i )) . 



We refer to |FsflllER2 for the fact that Bi(x,y) = tr(x*a*aiybib*) = ((hb*) 1 , (x* ® y){a\ a,)) is 
nuclear with norm < 1. Integral forms are closed under pointwise limits with respect to bounded 
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nets of nuclear forms. Therefore 

B{x,y) = TT° 2 h {u) 2 limtr(x*aJoiy&i6j) 

i 

is a positive integral bilinear form with \\B\\i < ^^(n) 2 . Inequality (j2,2j) shows that B(x,x) = 
(u(x),u(x)) is dominated by B. ■ 

Lemma 2.2. Lei A be a C* -algebra with WEP and u : A — >■ OH n . Then 

Trf («) < C(l + lnn)5 || u || cfe . 

Proof: We recall that ^4 has WEP, if there exists a contraction P : B(H) — * A** such that 
A C A** C B(H) and that P]^ = id a- It is well-known that P is indeed completely contractive 
(see e.g. EH Lemma 2.1.]). Then v = u**P : B(H) -> OP n satisfies 

||«IU < ||P|U W u **\\d> ^ H<* • 
We can apply (|U.4j) for B(x,y) = (v(x),v(y)) and deduce the assertion from Lemma l2~Tl ■ 

Lemma 2.3. Let N be a von Neumann algebra. Let a, b G L 4 (iV) and M a f, : N — > L 2 h (N) 
defined by M ab (x) = axb. Then 



M ab :N^ L°\N) 



< a 4 

eft 



Proof: Let x G M n (N) and a,b £ L^(N). According to |Ps51 Lemma 1.7], we have 
\\{id® M ab ){x)\\ Mn{L o h[N)) = sup\\(a®a)x(p®b)\\ S n [L o h{N)] . 

a,f3 " 

Here the supremum is taken over all a, (3 in the unit ball of S 1 " . The assertion follows from (|1.13j) 
and Holder's inequality 

\\(a®a)x(/3®b)\\ S n [L oh {N)] = \\(a <g> a)x{f3 ® b)\\ L2{Mnm) < ||a®o|| 4 \\x\\ Mn{N) \\P®b\\ A 

< IHU h\U \\ x \\mu{n) II0IU IWL • ■ 

Proof of Theorem 6: We use the one-to-one correspondence between completely bounded lin- 
ear maps u : A —* OP and positive sesquilinear jcb-forms on A (see Lemma l2.1j) . Theorem 6 
means that A has WEP if and only if 

(2.3) 7T° 2 h (u) <C(l + lnnf\\u\\ cb 

holds for every linear map u : A — > OH n . If ^4 has WEP, then Lemma 12.21 implies that ()2.3|) 
holds for 0=2 and a universal constant C. Conversely, we assume that (|2.3jl holds for some 
(3 > and some constant C. Let us consider the von Neumann algebra N = A**. Recall from 
|Te| that N is in standard form on L2(N). This means in particular that N acts on L 2 (N) by 
left multiplication ir(x)h = xh and J{h) = h* is an antilinear isometry J such that N' = JNJ 
(see |Te| ) . Let h G L 2 (N) be a unit vector. Then, we can find a,b G L^(N) of norm 1 such that 
/i = a&. According to Lemma l2~31 the maps M a * a : N -> L° 2 h {N) and M 66 * : iV -> L° 2 h (N) are 
complete contractions. Now, we consider elements xi,...,x n in A Let P and Q, be orthogonal 
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projections onto span{M a * a (xfc)|l < k < n} and span{M^* (xfc)|l < k < n}, respectively. Then 
PM a * a and QM^b* have rank as most n. Therefore we may apply 1)2. 3JI and deduce 



(2.4) 



(h, x k Jxk Jh) = (h, Xkhx* k ) = ' s ^tr{h* Xkhx* k ) = tr(a*Xkabx* k b* 



fc=l 



k=l 



k=l 



k=i 



k=l 



<i^2\\P(a*x k a)\\ 2 j i^2\\Q(bx k b*)\\ 2 j <C 2 {l + \nnfP 
In order to eliminate the log-term, we use Haagerup's trick and consider the positive operator 

n n 

[(Y,xkJx k JT(Y, XkJxkJ ^ m 



k=l 



k=l 



— X *k 1 (J x *k 1 J) x k 2 (JXk 2 J) X* k2m _ l (Jx* k2m _ i J)xk 2m {Jx k2m _ l J) 
n 

— y ] (Jx kl Xk2'''X k2m _ 1 Xk 2rn J)x kl x k2 ---x k2m _ 1 x k2m 

We apply (2.4) to the finite family x klt .... t k 2m = x ki x k2 ■ ■ ■ _ 1 x k 2m an d deduce that 

n n 

(h, [(Y,xkJx k jy(Y; XkJxkJ ^ m v 



n 



k=l 



(/i, x kl x k2 ■ ■ ■ x k2m l x k2m Jx kl x k2 • • • x k2m _ 1 Xk 2m Jh) 

kl,...,k2m = l 



< C 2 (l + lnn 2m ) 2/3 
= C 2 (l+lnn 2m ) 2 ^ 



it 



^ ,fem ® Xk lt ....,k 2 

ki,....,k 2m =l 

n n 

[(^2 x k &> £fc)*(^Z x fe <g> xjfc)]' 



C 2 (l + 2mlnn) 



2a? 



fc=l fc=l 

Taking the supremum over \\h\\ < 1, we deduce from positivity that 



\S^x k ®x k 



k=l 



2 m 



^2x k Jx k J 



k=l 



[(^2 x k Jx k JT C^xkJxkJ)] 1 



k=l 



k=l 



i 

2 m 



2 , , 2/3 , 2,3 

< C~(l + 2m)2m(l + Inn) « 



fc=i 



Taking the limit for m — > oo, we obtain (in the language of |Ps2j 



(2.5) 


n, 




n 

y^x k jx k j 


< 


n 

\S2x k ®x k 




n 

\S2xk®x k 






k=l 




k=l 




k=l 




k=l 


E(tf)® min B(iO 
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Let us recall an equality proved by Pisier |Ps21 Theorem 2.1] (and |H31 Theorem 2.9] in the 
non-semifinite case) 



(2.6) 



yZ xk ® 



x k 



k=l 



{Xi, ...,X n ) || [jRn (A),C„(A)] ; 



k=l 



L 2 (A**) 



Combining this with ()2.5j) . we deduce that 



n 


3 x k 


< 


n 

^x k ®x k 


k=l 






k=l 



< 



^x k ®x k 

k=l 



B(H) B(H) 



B{H)® mirl B(H) 

According to H3, Theorem 3.7] A has WEP. In section 4 we will show that a = 2/3 = 1 is the 
best possible exponent for non sub-homogeneous C*-algebras. ■ 



Remark 2.4. Let us consider the special case where A = N is a von Neumann algebra. We 
have shown above that if ./V satisfies the logarithmic Grothendieck inequality, then 



(xi,. 



l[.MAD,c„(JV)]i 



< 



k=l 



According to Pisier's characterization |Ps2j (see |Ps4l Theorem 2.9] for a simple proof in the 
semifinite case), we deduce that N is injective. Thus for von Neumann algebras, we don't have 
to use Haagerup's deep (and unfortunately unpublished) results. 

3. The Pusz/Woronowicz formula and the operator space OH 

In this section we will show the connection between the Pusz/Woronowicz formula for square 
roots of sesquilinear forms and subspaces of quotients of Hilbert spaces. For our understanding 
of the problem this concrete formula (and its dual version) plays an important role. Following 
|PWj we consider two positive commuting operators A, B on a Hilbert space. According to |PWj 

i 

(3.1) ((AB)*x,x) 



. n( . (Aa(t),a(t)) [ (Bb(t),b(t)) 

x=a(t)+b(t) J t 




dt 



l-t TTyJt{l-t) 



Here the infimum is taken over piecewise constant functions in H; see |PW1 Appendix] for a proof. 
Let us denote by H the Hilbert space H equipped with the scalar product V AB(x, y) = 
(y/ABx, y). Motivated by (J3.1|) . we define the probability {i and the measures v\, i>2 on [0, 1] as 
follows: 

dt 



(3.2) 



dfi(t) 



Ul (t) = t~ l dn(t) and du 2 {t) = (1 - t)~ 1 d^{t) . 



7T\ 



We denote by Ha and Hb the space H equipped with the Hilbertian norm ||x||^ 4 = (Ax, x) 2 and 
= (Bx,x)z, respectively. If A and B are invertible, the canonical inclusion maps Ha C H 
and Hb C H are continuous. Then we may define the linear map Q : £2(1^1, Ha)(B2L2(v2, Hb) — > 
Lo(p;H) by Q(f,g)(t) = f(t) + g(t) G H. We denote by 

K = L 2 {v l ,H A )® 2 L 2 {v 2 ,H B )/ker(Q) 

the quotient space and 

E = {(f,g) +ker(Q) | Q(f,g) constant a.e.} . 
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Lemma 3.1. If A and B are invertible, then is isometrically isomorphic to the subspace 

E C K. 

The dual version of Lemma l3.1l is based on a characterization of linear functionals on E. 

Lemma 3.2. Let A and B be bounded and invertible. Linear functionals <f> : E — * C are in 
one-to-one correspondence with pairs (/,<?) G L2(vi,Ha) © £2(^2, -Kb) such that 

Af(t) Bg(t) f Af{t) 

(3.3) = y—j fx a.e. , <p{x) = J (— , x) dn(t) . 



Moreover, 







WW = ini (\\f\\L.(u.M,) + \\9\\lo.(uo..H^) 12 ■ 



\L 2 (vi,H A ) \\y\\L 2 (i^,H B ) 

Here the infimum is taken over all pairs satisfying (|3.3j) . 

Proof: By the Hahn-Banach theorem, the norm one functionals on E are in one to one corre- 
spondence with the restrictions 4>\e of norm one functionals <j> : L^iyi^B a) ©2 -^(^i-Hb) — > C. 
A norm one functional <f> is given by a couple (f,g) such that \\(f)\\ 2 = ||/||| 2 ( Vlji j A ) + \\g\\L 2 (w 2 ,H B ) 
and 

1 1 

dfj,(t) f dfi(t) 



Hhi,h 2 ) = j(Af{t)M{t))^f- + J{Bg(t)M{t)) 



1-t 



Thus the functional (j) vanishes for all (h, —h) if and only if A ^ = //-almost everywhere. 
Finally, given x G E, we see that \ftx G L,2{v\,Ha) and (1 — G Li2{vi,Ha)- Since is an 
extension of (ft, we deduce that 

4>{x) = (f>Q(Vtx, \/T — ia?) 

l 1 

= |(^,v^) + (^,(i-v^x)^(t) = J(^,xW(t). m 


Lemma 3.3. Let A, B,B~ X be bounded and y £ H. Then 



where the infimum is taken over all tuples (f,g) of H -valued measurable functions satisfying 

Af(t) Bg(t) , 



1 



1 



Z?3, y j^Md^t) 
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Proof: Since V AB defines a scalar product, we have 



vWh.^ = {{AB)2y,y)2 = ^sup \((AB)2y,x)\ . 



/AB(x,x)<l 

Thus the norm of y in H coincides with the norm of the linear functional 

4> y [x) = ({AB)^y,x) 

on H v r^g. According to Lemma 13.21 we can find (/, g) such that Q3.3|) is satisfied and 

1 l 

d/i(t) f . . . , . . d{J,(t) 



t 



((AB)\y,y) = ||0J 2 = J '(Af(t), f(t))^ + j ' {Bg(t),g(t))± 

o o 
From H3.3|) and the definition of <p y we deduce that 

Bly = A-HAB)h y = A-l j M t) = £ M t) . 

o 

Conversely, any pair satisfying these conditions induces the same functional cf> y and thus provides 
an upper estimate for the norm of y. ■ 

As pointed out in the introduction, the operator space OH n will be obtained by amplifications 
of these densities. To be more specific, we consider the map Q : L2{y\\P£) ®\ L^iy^-,^.) — ► 
Lq{^\^) defined by 

Q(f,g)(t) = f(t) + g(t)€%. 
We denote by G n the quotient space 

G n = L§(^;^)©i^(^;^)/ker(Q)- 
In the limiting case n = oo we will simply write G. The interesting subspaces F n , F of G n 
are given by those equivalence classes (/, g) + kerQ such that Q(f,g) is a constant function 
with values in li- We denote by fi,--,f n the canonical unit vector basis in F n given by 
fk = {vt^ki (1 — V*) e fc) +ker(Q). The following lemma is proved using the polar decomposition 
and the density of invertible matrices. 

Lemma 3.4. Let x±, x n £ M m . Then 



^x k ®x k 



k=l 



2 / n \ a 

< SUp 2_. \\b x k a \\2 

» min M ra NI*<1.II*IU^M>0,6>0 Vfc=i ' / 



Here a > means that a > and a is invertible. 

Lemma 3.5. Let (e k ) be the natural unit vector basis of OH n . The identity map id : F n -^OH n 
given by (/&) = e k has cb-norm less than y/2. 

Proof: Let xi,...,x n £ M m and assume \\Yuk=i x k ® fk\\ Mm (F n ) ^ ^ ^ * ne definition of 
the matrix norms for quotient operator spaces, we find elements / G M^^^i/i;!")) and g 6 
M m (^(i/ 2 ;^)) such that 

Sfc = fk(t) + gk{t) M-a.e. 
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and 



max < 



J2fk(tyf k (t) 



dfi(t) 



k=i 



M„ 



k=l 



M„ 



< 1 



Let a, b be positive, invertible, norm one elements in S™. On the Hilbert space H = l^^S™) with 
the scalar product 



k=l 



we define A(xk) = (x k a 4 ) and B(x k ) = (b x k ). Clearly, these operators commute and we deduce 
from (3.1) that 

n n n 

^2\\bx k a\\l = ^2tr(a*xlb*bx k a) = ^2tr(a 2 x* k b 2 x k ) = ((AB)*(x k ),(x k )) 



k=l 



k=l k=l 

1 1 

< J(A(f k (t)),(f k (t)))^- + j(B(g k (t)),(g k (t)))fzl 
o o 



i 



k=l g k=l 

^(« 4 / tmMt)^j +tr(b± l f ± 9k (t) 9k (ty^j 



< a q 



d(j,(t) 



k=l 



+ w 



Mn 



I t J 

* dn(t) 



Y,9k(t)9k(ty- 



k=l 



t 



<2. 



Mn 



Prom Lemma l3~H we deduce that \\id : F n — > OH n || . < \/2- 



Lemma 3.6. Lei (/^)t =1 &e i/ie cfca£ 6asis o/ -F* satisfying ft(fj) = $kj- The identity map 
id : F* —>■ OH n given by id(f k *) = e k has cb-norm less than y2. 



Proof: We have to consider a norm one element z G M m (F*) = CB(F n , M m ). Then, we may 
write z = Yl'k=i z k ® f k - Let us denote the corresponding complete contraction which satisfies 
z k = u z(fk) G M m as u z : F n ^ M m . According to Wittstock's theorem there exists a complete 
contraction v : G n — > M m . Since G n is a quotient space, we see that i>Q : L\(v\\P^) ®\ 
L\[yi\P2) — ► M m is a complete contraction. Thus there are x G M m {L\{y\\ )) and y G 
M m (L2( l/ 2; -^2 )) °^ norm l ess than 1 such that 



Q(h l ,h 2 ) = J ^k(t)hl(t)^l+ J 5>(0*2(t)4 

n fc=l n fc=l 



Again, we can use the fact that v vanishes on ker(Q) and get 

x k {t) y k (t) 



1-t 



/x-a.e. 
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for all k = 1, ...,n. In order to identify our original map u z , we compute 

1 l 



Uz 



( ./a 5 :/'0(r,v7. ( ,(l- v'7))= J y/i Xh (t)^-+ f(l-Vi)y k (t)^ 



x k (t) 



dfi(t) 



t 



Now, let us consider invertible positive elements a,b £ S™. As above, we define the operators 
M z k)k=i = ( z ka 4 )k=i and ^( z /c)fc=i = (b 4 Zk)k=i- We consider x fc (t) = b 2 x k (t)a~ 2 and get 

l l 



Bk(z k )U) = (b 2 z k )U = J(b 2 x k (t)T k=1 ^ = j Al{{x k {t))l =l ) 



dfi(t) 



t 



On the other hand for x = (x k ) k=1 , we deduce that 
l l 



(Ax(t),x(t)) 



d/i(t) 



t 



d/j,{t) 



dfj,(t) 



(x(t),Ax(t))^fL = / ^tr(F fc (t)5 fc (t)a 4 ) 
k=1 

[ j2tr(a~ 2 xl(t)b 2 b 2 x k (t)a~ 2 a 4 )^ 



fe=l 



fe=i 



< 6 4 



^x fe (t)4(t) 



k=l 



Mr, 



Similarly, we define y k (t) = b 2 y k (t)a 2 , y(t) = {y k {t))l =l and get 

A((x k (t)r k=1 ) _ (b 2 x k (t)a 2 r k=1 _ _ (b 2 y k (t)a 2 r k=1 _ _ B((j/ fc (t))JU: 



t t 
The same calculation as above yields 

i 



Mt) < 1 14 1 



1-t 



1 liyilM m (-Lg(^i;IJ)) 



1 - t 



< 1 



Therefore Lemma 13.31 implies that 



^2 \\ bz ka\ 



k=l 



dn(t) 



(VAB(x k )U) „ < (Ax(t),x(t))^+ (By(t),m) 



1-t 



< 2 



Since, a,b are arbitrary, we deduce from Lemma 13.41 that 



n 


l 

2 


n 


^2 z k (g> Z k 
k=l 


< V2 


£ ® fk 
k=l 



Corollary 3.7. F n is 2- completely isomorphic to 0H 7 
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Proof: Since 0H n is selfdual, see |Ps4j . it suffices to apply Lemma 13.51 and Lemma 13.61 
\\id : F n -* OH n \\ cb \\id : OH n ->■ F n || cfe = \\id : F n 
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OH n \\ c Jid:F* 



OH n \\ cb < 2. 



Remark 3.8. A similar result holds in the context of L p spaces. We use the standard notation 

H c p _ ^ H r^ and R r p = ^ R c^ Let 2 < p < oo and p' < q < p. We consider 2 < r < oo 

p p 

such that - + - = As above, we consider the subspace F n (p) of 'constant' functions in the 
quotient space G n = L 2 p {v l ;q)® q L 2 p {v 2 ]l 1 i)/^(Q). The same proofs as in Lemma l3.5l and in 
Lemma 13.61 applies with the help of the formula 



<g> e k 



k=\ 



sup 



S™[OH n 



2r^ 1 \k = l 



\\bx k a\\ 



i _ i 

p and 



|td : F n (p)* -»■ OH n \ 



cb 



i _ i 
< 2 2 p 



Therefore, we have 

\\id : F n {p) ^ OH n \\ cb < 2~- 
These inequalities imply that 

d cb (F n (p),OH n ) < 2 1 

We obtain a concrete embedding of OH as a subspace of a quotient of S p = L p {B(Z2),tr) (with 
q = p) and of S p i (with q = p' and using H Cp = H r p'). For an independent, alternative approach 
we refer to Xu . 



Remark 3.9. A slight modification of this approach yields the space C p = [C,R]i. Indeed, let 

p 

c(a) 



a = -. Using the substitution u = t 1 — 1, we find 



1 



dt 



1 



du 



(l-t)+tBt a (l-ty- a J u + B u 1 -* " B 1 ^ ' 
o o 

Following |PWj . we deduce for arbitrary commuting operators A, B that 



(x,A L - a B a x 



inf 

x=f(t)+g(t) 



(f(t),Af(t)) 



dt 



(9(t),Bg(t)) 



dt 



t c(a)t a (l-ty- a J 1-t c(a)t a (l-ty- 
o o 

Similar as in Lemma 13.51 it then easily follows that the space F a of 'constants' in the quotient 



Ll(t~ l n a ) ©i L r 2 {{\ - ty 1 /j ia )/ker(Q) satisfies 



id:F a ^ [C,R]i 



cb 



< v2- The analogue of 



Lemma f3.6l is considerably more involved and again based on the dual Pusz/Woronowicz formula. 
In the forthcoming publication |JX2j we will develop better tools for finding the 'right pair of 
densities'. 

Assuming Theorem 3, we immediately obtain an embedding of OH in a noncommutative L\ 
space. 



Theorem 3.10. OH embeds into the predual of a von Neumann algebra with QWEP. 
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Proof: Note that the isomorphism id : F n —* OH n from Corollary 13,71 satisfies id(F n -i) C 
OH n -±. By the density of \jF n in 

i ? CL§(i/ 1 ^ 2 )e 1 L^(i/ 2 ;£ 2 )/ker(Q) = G 

we obtain an isomorphism id : F — > Oi/ with ||id|| cb < v2- Similarly, the density of (J 0-ff n in 
Off implies that ||^ _1 || cfe < \/2- Hence, OH is 2-cb-isomorphic to F and Theorem 3 implies the 
assertion. ■ 



Corollary 3.11. There exists a constant C > such that for all n£ff, there is an integer m 
and an infective linear map u : OH n — > S™ such that 

\\u\\ cb \\u~ l :u{OH n ) ^ OH n \\ cb < C. 

Proof: This is an immediate consequence of the strong principle of local reflexivity in jEJRj and 
the fact that N is QWEP. ■ 



4. The projection constant of the operator space OH n 

In this section, we will provide the proof of Theorem 1, assuming the probabilistic result 
Theorem 3. The main tool is a characterization of the completely summing norms for linear maps 
between certain operator spaces, see Lemma 4.4 and Lemma 4.5. Some notation is required. For 
an operator space E we denote by le ■ E — ► E** the canonical completely isometric embedding of 
E into its bidual E** . Let E and F be operator spaces. The Too-norm of a linear map v : F — > E 
is defined by 

Tooiv) = inf ||a|| cfe \\p\\ cb . 

Here the infimum is taken over all a : F — > B(H), (3 : B(H) — ► E** such that lev = a[3. For a 
finite rank map v : F — > E, we also define 

7oo(v) = inf||a| 



cb \\y\\ C b 



Here the infimum is taken over all m S N, j3 : F — > M m and a : M m — > such that u = a/3. 
Following Effros/Ruan (see e.g.|ER2_) a linear map v : E — > F is said to be (completely) 1- 
summing if 



7Ti [v 



A 

(8) w : 5 1 ! ® min 



is finite. The 7oo-norm is related to the 1-summing norm via trace duality. 

Lemma 4.1. Let u : E — > F be a linear map. Then 

7r°(u) = sup{|ir(t;u)| | Joo(v) < 1} . 

Proof: Indeed, we have 

7r?(w) =Bup{|((id®«)(a:),y)| | Ikb^^E < 1 , lly|lA/ m (F*) ^ x } 

= Bup{|tr(3j«r x )| | \\T X : M m -» £7^ < 1 , \\T y : M* m -» F*|| cfe < l} 
= sup{|tr(i;n)| | 7oo(u) < 1} . 

We will need the following result from |E.TR,| . 
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Lemma 4.2 (EJR). Let E and F be finite dimensional operator spaces and v : F —* E. Then 

loo(v) = roo(u) . 

The connection between the 1-summing norm and the operator space projective tensor norm 
works only for subspaces of noncommutative L\ spaces. Therefore, we follow |Ps5j and define 

dsL^E) = inf \\w\\. h \\vj~ 1 II . . 

We are interested in estimates for finite dimensional spaces. This leads to the following definition 
for infinite dimensional operator spaces 

dsL^ 00 = sup d S L! (E) . 

EcY 

Here the supremum is taken over all finite dimensional subspaces E C Y. The following fact 
follows immediately from the definition. 

Lemma 4.3. Let x £ X Y and e > 0. Then there are finite dimensional subspaces E C X 
and F <zY such that 

INI a < (1 + e) \\x\\ A 

E®F X®Y 

Lemma 4.4. Let X and Y be operator spaces, E C X and F C Y be finite dimensional subspaces. 
Let x £ E (g> F be a tensor with associated linear map T x : E* — > Y, T x (e*) = (e* ig) id)(x). Then 

nl(T x ) < d SLl (Y)\\x\\ a . 

Proof: According to Lemma l4.Hl we can find F D F such that 

llxll a ~ < (1 + s) \\x\\ A 

Let w : F — > F\ C 5™ be a linear isomorphism with completely contractive inverse w~ l : F± — > F. 
In order to estimate the 1-summing norm, we have to consider complete contractions /3 : Y — > 
M m and a : M m — > E* . By Wittstock's extension theorem, there is a complete contraction 
(3 : S 1 " — > M m such that /3|i? 1 = (3w . Then a/3 corresponds to an element z £ E* (%> m i n M n of 
norm less than one. The injectivity of the projective tensor product on S™ (see (|1.5|0 yields 

\tr{T x af3)\ = \tr(a(3T x )\ = \tr{aPwT x )\ = \(z, (id E ® w)(x))\ 

< ME^^MjKidE^w^W^ = \\4E*® mili M n \\(idx®w)(x)\\ x ^ 

< \\(idx ® w)(x)\\ a < ||w]L A llxll a, < (1 + e) H^Li, ||x|| A • 

'"X®Fi cb X®F cb X®Y 

Taking the infimum over all w, we may replace \\w\\ cb by dsL^F) and then by ds^iY). ■ 
We have a partial converse to this inequality. 

Lemma 4.5. Let M and N be von Neumann algebras such that N is QWEP. Let Y be an 
operator space and w : Y — > M* be a complete contraction. Let X be an operator space, E C X 
be a finite dimensional subspace and u : E — > iV« be a complete contraction. If x £ E ®Y and 
T x : E* — » 1" is t/ie associated map, then 

tvI(T x :E*^Y) > ||(u®ii;)(a;)|| a . 
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Proof: Let us assume that N = A/I where A has WEP and let tt : A — > N be the quotient 
homomorphism. Then the map tt* : N* — > ^4* has a completely contractive left inverse. Indeed, 
let z be a central projection in ^4** such that I** = zA** . Then we have a canonical isomorphism 
(A/I)* = N*. Therefore the mapping v : A* —* (A/I)* = N* given by v(x) = zx satisfies 
id-N* = vtt* . Since is completely complemented in N* , we also have a completely contractive 
left inverse for the restriction tt* | jv„ . This implies that 

tt* ® idM, : -ZV* <g> M* — »• A* <g) M* 

is completely isometric. We consider the tensor (tt*u <S) w)(x) 6 A* M*. By the Hahn-Banach 
theorem we may find 

y G (^4* (8) M*)* = OB(Af*, A**) M**®A** 
of norm less than one such that 

|(y 1 (7r*«®«;)(x))| = \\(tt*u®w)(x)\\ a ^ . 

Let e > 0. According to Kaplansky's density theorem (see |E.TR| TEE 2 for details), we may find 
a finite rank element y £ £ M <g> A of norm < 1 such that 

\\(?r*u®w)(x)\\ a < (l + e)\(y £ ,(n*u®w)(x))\ . 

The tensor y e corresponds to a complete contraction S Vs : M* — > A (see ER2, Theorem 7.3.2]). 
We need the finite dimensional subspace F = Sy £ wT x (E*). We consider T = S Vs wT x : E* — > F 
as a map with values in its range F. Using rank one tensors it is easy to check that 

(y e , (ir*u <g> w)(x)) = tr(u*irSy £ wT x ) = tr(u*Tr\pT) . 

We apply Lemma 14.11 Lemma 14.21 and basic properties of the 1-summing norm: 

\tr(u*TrSy s wT x )\ = \tr(u*ir\ F f)\ < r y o(u*ir\F)TT°(f) < r oo (u*Tr\F)7r°(S ye wT x ) 
< T^^ttIf) \\S ye \\ cb \\w\\ cb TT°(T x ) < r oo (n*7r| F )vr5 , (T x ) . 

Since A is WEP, there is a complete contraction P : 13(H) — > A** such that P\a = id a where 
A C A** C B(H). This implies that 

roo(n*vr| F ) = T^u***^) = T^u*** Ptt\ f ) < \\u***P\\ cb = \\u\\ cb . 

Thus, we get \\(u (g) w)(x)\\^ < (1 + e)tt°(T x ). Letting e — > 0, the assertion follows. ■ 

In the following we use the notation G for the spaces introduced in section 3. The following 
proposition will be proved in section 7. 

Proposition 4.6. There exists a von Neumann algebra N with QWEP and a completely con- 
tractive injective map u : G — > N* such that 

\\(u (g) U)(x)\\ A > - \\x\\ A 
" V /V ' U N*®N, 9 G®G 

for all x E G (g) G. Moreover, \\u~ l : u(G) — ► G | , < 3 and it(G) is completely complemented in 
JV*. 
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Corollary 4.7. Let F n C G be a finite dimensional subspace and x £ F n ® G. Then 



l\\x\\ a < i$(T x : F* -» G) < 3\\x\\ A 
9 "g®g g®g 



Proof: Since G is 3-cb isomorphic to a subspace of iV* and iV is QWEP, the strong principle of 
local reflexivity in jEJRj implies that dsLxiP) — 3. Thus by Lemma IQ1 

TrffTa, : F* -» G) < 3 llxll a . 
IV a! n / - II ll G(g)G 

Now, we prove the converse inequality. By Proposition 14.61 we may apply Lemma 14.51 to get 

||:c|| a <9||(u®u)(aO|| a < 9 7r?(T s : F* -> G) . ■ 



Corollary 4.8. Let (/j) 6e i/ie canonical unit vector basis in the space F n constructed in section 
3. Let u : OH n — * OH n be a linear map represented by a matrix [dij\ ■ Then 



6 



7T?(«) < 



® /; 



< 18 7if (u) . 



G n ®G n 



Proof: Let u : OH n — ► OH n be a linear map represented by a matrix (ay). We deduce from 
Lemma 13.51 Lemma 13.61 and Corollary 14.71 that 



G<g>G 



7T? (u : Oi/„ Otf n ) < 2 vrftu : F n * -» F n ) < 6 
Conversely, we have 

< 9 ttKu : F* -> F n ) < 18 vr?(u : OH n -> Off n ) 



G®G 



The following norm calculations in G n <8> G n will be postponed to the next section. 
Proposition 4.9. Let [a^] be an n x n matrix. Then 



Moreover, for n > 7 



»>j=i 



8=1 



< 18 Vl + lnn ^ 



A 

G n ®G n 



> (le^Tr) -1 1/71(1 + In 



n . 



G n ®G n 



As an application, we derive an independent proof of (|U.4|) . 
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Corollary 4.10. Let u : B(H) — > OH be a completely bounded map. Then 



(4.1) X>(**)llojr < 108\/TTkT 



n it 



cb 



\k=l 



k=l 



for alln G N and x\, ..,x n € B(H). Moreover, let B : B(H) xB(H) — » C be a positive sesquilinear 
form of rank n. Then there exists a positive integral sesquilinear form B such that B < B and 

< 2 x 108 2 (l + lnn)||£|| icfe . 

Proof: Let u : B(H) — > Oif be a completely bounded map and xi, ....,x n £ B(H). We can find 
an orthogonal projection P : OH — > span{ii(xfc)|l < k < n} of rank at most n. Since OH is 
homogeneous, we may assume that P(OH) = OH n . A glance at (|1.4|) shows that w : OH n — ► 
#(-ff) given by w{ek) = X& satisfies 



if 



c6 



^ x fc (8) x fc 
fc=l 



S(H)® mi „B(tf) 

This implies that the composition map v = Puw satisfies 



Joo(v) = T^iuw) < \\u\\ cb \\w\\ cb = 

Now, we apply trace duality. Let iflij) S $%[(DH n 



Icb 



y^x k ®x k 

k=l 



B{H)® mia B{H) 



^2 be of norm one such that 



^2\\ p u(x k )\\ 2 OHn 



\k=l 



^ j a k i(e h v(e k )) = tr(av) 
k,l 



We deduce from Lemma 14. 11 Corollary 14.81 and Proposition 14.91 that 



OH 



\k=l 



= \tr(av)\ < 7Ti(a)7oo(w) 
< 6 x 18 Vl + In n \\a\\ 2 | 



Icb 



y^xfc x k 



k=l 



B(H)® min B{H) 



icb 



^2 X k (0 X k 
k=l 



< 108 Vl + lnn \\u\\_ ^ 

e(i?)® min B(H) 

This completes the proof of the first assertion. Following |Ps4| (9.3)] (and ultimately |Toj ) this 
implies that 



X}lK**)lloi? < V2108V1 + 1U 



n u 



cb 



^Xfc (g) X k 
k 



B(H)® min B(H) 



for all u of rank at most n and arbitrary sequence (x k ). An appeal to Lemma 12. II concludes the 
proof. ■ 

Now, we apply a typical trace duality argument. 
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Corollary 4.11. Let n G N. Then 



loo{id H n ) < 288V2tt ' 



1 + lnn 



Proof: Using a well-known averaging trick, we have 

(4.2) loo(idoHn)^i(. id OH n ) = n. 

(Indeed, according to Lemma 14.11 there exists v with 7oo(v) = 1 and 7r°(id) = \tr(v)\. Let a 
be the normalized Haar measure on the unitary group U n . Then v = J v uvu~ 1 da(u) satisfies 
7oo(v) < 1 and nv = tr{v)id. This implies that 7oo(^)7i"i (id) = 1oo(id)\tr(v)\ < n. The converse 
inequality is obvious.) For n > 7 we deduce from Corollary 14.81 and Proposition 14.91 that 



(4.3) nKidoHn) > ^ 



/* ® fi 



i=l 



> =— \J n(\ + Inn) 

~ 288\Z2tt 

G n ®G n 



For n < 7 we use the well-known Banach space estimate TT°(idoH n ) > Hence (|4.3j) is 

valid for all n £ N and the assertion follows from (|4.2jl . ■ 

We are ready for the proof of Corollary 5. 
Corollary 4.12. Let OH n C B(t-2), then there exists a projection P : B(l2) — > 0-ff n suc/i t/iai 



|P|L < 288\/27r 



r? 



Ic6 ~ " " V 1 + lnn 

In particular, 



' " < X,,,[OH„) < 288y/2n ; " 



108 V 1 + lnn ~ ~ V 1 + lnn 

Proof: We write idon n = vw, with u; : 0-ff n — > £>(i/) and u : £>(-ff) — > 0-£f n , and 



IWUII^IU < 288V27T 



1 + In n 



According to Wittstock's extension theorem, we can find an extension w : 6(^2) — ► B(H) with 
the same cb-norm as iu. Then P = ut& is the corresponding projection. The lower estimate 
follows easily from Corollary 14.101 (see also |PSj ) . ■ 

Corollary 4.13. The order (1 + lnn) in (j0.4ft is best possible. Moreover, there is a sesquilinear 
jcb form which can not be majorized by an integral form. 



Proof: Let l : OH n — » B(i-i) be a completely isometric embedding and Xk = c(&k)- According 
to Corollary I4.12[ we can find a projection P : B(l%) — > OH n of cb-norm 

||P|| c6 < 288^/^—. 

V 1 + lnn 
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We define B n (x,y) = (P(x), P(y)) and assume that B n < B. Then, we deduce from Lemma 
EH that 



k=l 

This implies that 



n 

k=l k=l 



^x k ®x k 



k=l 



\B\ 



WBnhcb = \\ p fcb < (288^) 2 — and n < \\B\\t . 

J 1 + mn 

Combining these estimates, we deduce that 

(1 + Inn) \\B n \\ jcb < (288V2vr) 2 || J B|| / . 

For the second assertion, we define B = ^ fcgN k~ 2 -^B 2k 4 . The triangle inequality shows that 
B is jcb. However every if B < B, then k~ 2 -^B ok 4 < B implies that \\B\\j > cfc~ 2 £; 4 for all 

2 * 

k 6 N. ■ 



Remark 4.14. This argument also shows that V 1 + In n in Lemma 12.21 is best possible. More- 
over, we see that a = 1 in Theorem 5 is best possible for non sub-homogeneous C*-algebras. 
Indeed, since 7oo(^0-ff„) < 2887ry2n/(l + Inn), we may find a complete contraction w : OH n — > 



M m and a linear map it : M m — > Of/™ such that w = idoH n and ||it|| c6 < 2&&ir^2n/ (1 + Inn). 
Moreover, it is well-known (see e.g. | JNRXj ) that M m is (1 + e) completely complemented in a 
non subhomogeneous C*-algebra A, i.e. there is a complete contraction a : M m — ► A and a map 
/? : A — > M m of cb-norm < (1 + e) such that /3a = id. Then B(x,y) = (u/3(x), f3u(y)) provides 
the 'counterexample' on A. 

5. Norm calculations in a quotient space 

Although the calculations in this section are of technical nature, the idea is very simple: 
The influence of the singularities at the corners (0,1) and (1,0) is minimized by rectangular 
decompositions. The next lemma justifies the use of these decompositions. 

A 

Lemma 5.1. G n (g> G n is isometrically isomorphic to the quotient space of 

L 2 {v t <g> ui]if) 0i L 2 {vi]^) ® v L 2 {v 2 -,q) 0i L 2 {v 2 -A) ©tt L 2 {vrA) ©i L 2^2 ® v-i\tf) 
with respect to 

S = {(/, g, h, k) | f(t, s) + g(t, s) + h(t, s) + k(t, s) = \i <g> pL - a.e.} . 

Proof: By the properties of the projective operator space tensor product, we have 

G n ®G n = ©i U 2 {u 2] t 2 )) ® (L c 2 (v x -t 2 ) ©i L 2 (u 2 ;£ 2 ))/ker(Q ® Q) . 

We note that H c ® K c = H ® 2 K = H r ® K r and H c ® K r = H ® n K = H r ®K C . Therefore 

A 

the properties of ©i and (g> imply that 

(L c 2 (u i; q) ©i V 2 (v 2 -t 2 )) © (Lgfa;^) ©i U 2 \v 2 -t 2 )) 
= {L c 2 (y x -q) ® Ll^-q)) ffii ® 
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©i (L 2 (^;^)® ff L 2 (i^;^)) ®iL r 2 (v 2 ®v 2 ;lf) . 

Using (1.1), we observe that all four components can be represented by pL®pi measurable functions. 
Applying Q <g) Q yields the assertion. ■ 



Corollary 5.2. Let a = [ay] be an n x n-matrix. Then 



\tr(a)\ 
> 1 V sup 



G„®G„ 



















G 



where the supremum is taken over all measurable functions (/, g, h, k) such that 
f(t,s) g(t,s) h(t,s) k(t,s) 



ts 



(l-t)(l-s) t(l-s) (l-i)s 



/j,® fj, a.e. 



and 

(5.1) 

(5.2) 



max {||/llL 2 (i/i®i/i), HslU 2 (f 2 ®z/ 2 )} ^ 1 ' 
max { \\ h IIl 2 (^)® e Z 2 (^) » PH^K)®^^)} < • 



Proof: Let (/, 5, /t, /c) be given as above. Consider a decomposition of a in matrix valued func- 
tions a = a 1 (t, s) + a 2 (i, s) + a 3 (i, s) + a 4 (i, s) such that 



+ lr \\L 2 (vv,e%)®i t L2(v2;ez) + \\ a \\L 2 {u 2 ;q)^L 2 {vi;q) - ( 1 + e ) 











»J=1 





G„®G n 



Then the Cauchy Schwarz inequality implies that 



5^<*it(M)/(*i* 



i=l 



< 



/n 
i=l 



t S 

2 d/u,(t) df/,(s) 



t s I 

L 2 (u\®u\) 



£i/(*> 

i=i 

< \/n lla 1 ! 



,dfi(t) dfi(s) 
~t <T~ 



L 2 (ui<S>vi;e% ) • 



Similarly, 



/x:4(t,») S ( t ,»)f^f (s) 

8=1 



For every operator h : L 2 — > L 2 , we recall that ® id^ 
duality and (|5.2j) that 



Hence, we deduce from trace 



^2al(t,s)h(t,s 



dji{t) dfi(s) 



i=l 



t 1 - s 



\ a 



< ||/t ® id^ 



2 llL 2 (^i;^)® s X 2 (iv 2 ;^) ir Hi 2 (^i;^)®^i 2 (y 2 ;^) 
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Similarly, 



5^4(t,s)fc(t,s)y 



dfj,(t) dfi(s) 



i=l 



t s 



< 



< Jn \\a 



\L 2 (v 2 ^)® v L 2 {y r ,q) 



Therefore, we get 



dfj,(t) d/i(s) 



i=l 



< 



dfi(t) dfi(s) 



i=l 



+ 



i=i 



+ 



< s/n(l +e 



+ 



dfj,(t) dfj,(s) 



i=l 



t s 



^2 (Hjfi ® fj 



We will now prove the lower estimate in Proposition 14.91 
Lemma 5.3. Let n > 7. Then 

i=l 



G n ®G n 



16v/2tt 



a/ n(l + Inn) 



Proof: Let < 5 < i, to be determined later. We consider the rectangle I = [5,1] x [^,1 — 5] 



and the function 



v(t,s) 



1 



1/ ■ 



is + (1 - t)(l - s) 

Following Corollary 15. 21 we define fit, s) = tsv(t,s) and g{t, s) = (1 — t)(l — s)v(t, s) and observe 
that 



( f(t,sf Mt)dfX(s) + [g(t,sf Mt)Ms) = f 
J t s J 1 -t 1 - s J 



1 



ts+ (1 - i)(l - s) 



1-5 



v(t, s) 2 [ts + (1 - i)(l - s)]d/j,(t)diJ,(s) 
d^i(t)d^{s) 



5 I 

2 

1 1 

2 2 



1 

2 t 



47T 



5 .5 
l 

2 



dt ds 9 f f ds dt 



< 16tt 2 y < 16vr~ 2 (-ln5) 



5 5 
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In order to estimate the norm for h(t,s) = t(l — s)v(t,s), we use (1.1). Hence it suffices to 
estimate the L2-norm: 



1^2(^18^2) 



< 4 J min(r 2 , (1 - s)~ 2 ) t 2 (l - s) 2 dvi(t)dis 2 (s) 
1 

11 1 
22 it 

<5 .5 <5 <5 

1 

32 f 3 dt 16 
- to? J U u/t ~ 3^ ■ 



Finally, we need an L 2 -noim estimate of k(t, s) = (1 — t)sv(t, s): 
L 2 (v 2 ® vi ) < 4 y mm (* . (1 - s) )(!-*) « 



11 1 1 

<8^ 2 / Lin(t- 2 , S - 2 )^ < 16^ 2 / / < 32vr- 2 / < SZ^r 1 . 



8 8 8 8 

We note that 

1 



/ 



_ / / ta+(1 _ i t)(1 _ 8) ^ w 

5 I 

2 

II I 

22 2 



1 /" /" /i u dt ds 

8 8 
1 

1 ydt (-In 8(5) 

4<5 



We define 6 = — , C = wmaxj^i, ^1, ^4} = ^ and f = —J===. For n > 6 we have lnne > e 

and hence (|5.1|) and ()5.2|) are satisfied for the corresponding quadruple (f,g,k,h). Note that 
— In 85 = In ^ > i In ne for n > 7. The assertion follows from 



4 



In 8(5 In ne V 1 + In n 



7r 2 C\/lnne 47r 2 Cv / lnne 16vr\/2 



For very large n we can choose C = 4/tt and asymptotically get > (1 — e n ) v ' 1 ^ n — . ■ 

The rest of this section is devoted to the upper estimate. For a measure v and positive 
measurable densities g, h, we use the L p -sum 

£2(5^) + P L 2 {hu) = L 2 (gu) <B p L 2 (hu)/kerQ 

where Q(fi, f 2 ) = fi + /2- Given a measurable function fc, we define the norm of k in L 2 (gv) + p 
L 2 (hv) as the norm of the equivalence class [(k, 0)]. For p = 2, this is again a Hilbert space and 
we have an explicit formula (see |BL| Theorem 5.2.2 and Theorem 5.4.4]). 



30 



MARIUS JUNGE 



Lemma 5.4. Let v be a measure and g, h strictly positive measurable functions. For a measurable 
function k, the norm of k in Li{gv) +2 L2{hv) is given by 

\k\ 2 

\L 2 {gu)+ 2 L 2 {hv) 



Or 1 + h 



-1 



-dv 



Using this formula, the following estimates are established in a very similar way to the estimates 
in Lemma EUD We leave them to the interested reader. 



Corollary 5.5. Let < 5 < i. Then 



(5.3) 
(5.4) 
(5.5) 
(5.6) 



si] ® 1 




±,1-5] « 




Vf] 8 


Vf] 







L 2 ( VI ® 1/1 ) + 1 L 2 (U2 ® «2 ) 



£2 (fi ®f 1 )+iia (i'z ® ^2 ) 



< 4v / 2vr" 1 (-ln5)5 

< 4 v / 2vr- 1 (-ln<5)5 

< 2V2 



L2 ( ® V\ ) + 1 L2 ( ^2 ® ^2 ) 

< 2^ . 

1/2 (fl 55 fl ) + 1 1/2 (^"2 55 ^2 ) 

The next inequality yields the upper estimate in the logarithmic 'little Grothendieck inequal- 
ity'. 



Lemma 5.6. Let a be an n x n matrix, then 



^2 <hjfi &> fj 

ij=l 



< 18 Vl + ln 



n a 



G„®G„ 



Proof: Given a G anc ^ < 5 < ^, we decompose a = a 1 (t, s) + a 2 (t, s) where 
a\t,s) = a® (l [0 i](t)l [0 i ] (s) + l [5 i ] (t)l [ i ^(sJ + U 1 _ (5] (t)l [5 i ] (s) + l [ i ^tjla !](«) 



and 

a 2 (t,s) = a (8) 1 — a x (i, s) . 
According to Corollary 15.51 we get 
,1 

In order to estimate a 2 , we note that 



«l^®^f) +1 £ 2 (,2®^f) ^ (4^+8^- 1 (-ln5)l)||a|| 2 



1 1 [0,(5] ® ![I,l] 1^2(^)^X2(^1) 



II 



[0,5] llz, 2 (^2)]l 1 [|, l]lli 3 (^) 



< 



5 1 
24^4 2 



7T A /7T 



13 

(54 . 

7T 



Similarly, we get 



max{||l [5i i] <g> l[i-d,i]||i, a (^)® T i, 2 (^), II l[i 5 i] ® iMlll^^i)®^^)' I|l[l-<5,1] ® 1 [5, 1] 1 1 £2 (^1)^2(^2) I 

13 

< — 54 . 

Using L 2 (^) ®w £2(^2) = (^2 ® L E) ® ((^>) c ® (^D. w e deduce that 

13 13 

II 211 < 1?JL A 1 II II < l^Z A 1 ^11 II 

Ir llL 2 (^;^)® T r 2 (^;^)+iL2(^;^)® w i2(^;-«J) - ^ ° 4 H a lli- ^ d4 V™||a|| 2 - 
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We can choose 5 = -J^ and the assertion follows from Lemma 15. 11 ■ 
Proof of Proposition I4T91 Combine Lemma 15.61 and Lemma 15.31 ■ 

6. K-FUNCTIONALS 

In section 7 we will see that Voiculescu's inequality leads to three terms. By duality, we have 
to consider three term if-functionals. However, the quotient structure discussed before only 
involves two terms. In this section we justify the abstract central limit procedure relating two 
and three term X-functionals. In the following, N will be a semifinite von Neumann algebra 
with a normal faithful trace r. We fix a positive r-measurable operator d £ Lq(N,t) with full 
support. The corresponding strictly semifinite weight is given by 

(p(x) = r(dx) . 

We will use the standard notation 

n v = {x £ N \ ip(x*x) < oo} . 

Similarly, we will use the notation = {x £ N \ ip{x*x) < oo} for every operator-valued weight ip 
defined on N. The arguments in this section generalize to arbitrary strictly semifinite weights, but 
for our applications it suffices to consider N = L oq (l~l; M 2 ) (more precisely -L^N x [0, 1], jl; M%), 
where fx = m ® fi is given as the tensor product of the counting measure m and the measure 
ll defined by (|3,2j) in section 3). The three term K-functional Kt is defined on (a subspace of) 
Lq(N,t) as follows: 

IMIlK, = in f * 5 ll x l|ll + II X 2||2 + II X 3||2 • 

* ll 

We will use the quotient map q t : Li(N) L 2 (N) L 2 (N) -> L (N,t) given by 

q t (x 1 ,x 2 ,x 3 ) = t'zxi + x 2 di + d2x 3 . 

The operator space structure of JK t is then defined as the quotient space 

JK t = JK t (N,d) = L^N) ®! L r 2 (N) (Bi L c 2 (N)/ker(q t ) . 

Let us start with some elementary properties. (Note that the intersection in the following lemma 
depends on d.) 

Lemma 6.1. i) The dual of HQ with respect to the antilinear duality bracket is D n* 

equipped with the operator space structure of N n L?,(N) Hl^JV). 

ii) Let M be another von Neumann algebra and 

ip(m ® x) = rrup{x) 

A 

the induced operator valued weight on M®N . The dual space of L\(M) IK t is n^p n n*^ 
equipped with the operator space structure of M®N n M&L^N) n M®L 2 (N). 

iii) Let e n = l,i n ](d) denote the spectral projections of d. The maps P n (x) = e n xe n extend 

to complete contractions on TKt such that {J n (id ® P n )(Li(M) (g) HQ) is norm dense in 
Lx(M) ® K t . 
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Proof: We follow the well-known principle in interpolation theory that the dual (unit ball) of 
a sum is the intersection (of the dual unit balls). More precisely, let I : IK t — > C be a linear 

N, we find an element y\ G N such that l(qt(xi, 0, 0)) 



functional. Since L\(N) 
for all x G Li(N). Similarly, we find 2/2 £ ^(N), y 3 (N) such that 

Z(0,x 2 ,0) = r(x^y2) and i(0,0,x 3 ) = "Kx^) 

for all X2,X3 G L2(N). Since qt{xe n dz , — t~2xe n ,0) = 0, we deduce that 

r(d5e n x*yi) = t2T(e n x*y 2 ) 

holds for all x and n. This implies that 2/1 ^ 2 = £2y 2 and hence T{dy\y\) 



t \\y2W2 is finite. 



Similarly, we find that d^y\ 
embedding 

1 



K 



i 2 2/3, and hence y\ and 2/1 are in n v . This yields an isometric 
{(y, t~*ydi , Hd^y) I y G n n;} C iV L 2 (N) 0oo L 2 (AT) . 



— — — — — 

Repeating the same argument for L\{M) © EQ, we apply (|1.12|l and obtain an isometric embed- 
ding 

A * 

Lx{M) © K t C M©iV ©oo M®L r 2 {N) ©^ M®L C 2 {N) . 
Moreover, for finite rank tensors z = m; © ccj we have 



(6.1) 



2 Z 



ik 



(x k Xi)m k mi 



M 



M®L§(iV) 



By weak*-density of the finite rank tensor in we obtain ii). Assertion i) follows immediately 
by applying ii) for the matrix algebras M = M n , n G N. For the proof of iii), we observe 
that P n {x) = e n xe n is a complete contraction on L\(N), L 2 (N) and L^{N) for all n G N. 
Moreover, (P n , P n , P n )(ker(g f )) C ker(fft). Since (e n ) converges strongly to 1, we have point- 
norm convergence of (P n ) to the identity in L\(N), L/2(N), respectively. This implies that 
U n id © P n (Lx(M) © TK t ) is norm dense. ■ 



1 1 
X2C? 2 + aa X3 



The two term ET-functional is defined as follows: 

K = K(N, d) = L r 2 (N)® x L c 2 {N)/Yex{q) , q(x 2 ,x 3 ) 

The identity map I-t : K —* TK t is completely contractive. (If x = a^d 2 " + d^x^, then we may 
choose x\ = in the definition of IK^.) 

Proposition 6.2. K(N,d) is a direct limit of the K(e n Ne n ,e n d) 's. Let (£&) be a sequence with 
limfc t k = 00 and let U be a free ultrafilter. Then K is completely contractively complemented in 
Uk,u^t k . 



Proof: We will not repeat the argument for the first assertion, which is very similar to the 

proof of Lemma 16.11 iii) . Similarly as in Lemma 16.11 we can show the dual K* is the subspace 

of L 2 (N) © L 2 (N) consisting of pairs (2/2,2/3) such that d?y2 = 2/3^ 5 - The linear mapping 

/ = (I tk ) : K — > Y\ k u M. tk is clearly a contraction. The only difficulty is to construct a right 

inverse. Using the P n 's, we may assume that d and d _1 are bounded. For y G N we may define 

—I 1 1 

k k (y)(lt k (xi,x 2 ,x 3 )) = T((t k 2 xl + d2x* 2 + x* 3 d2)y) . 
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Using the duality between sums and intersections, we deduce from Lemma 16. II that 
]hn\\{id®l tk )(y)\\ Mm(& * k) 

-ill 

= limmax{t fc 2 \\y\\ Mm{N) , \\y(l d^)\\ Mm{L c {N)) , ||(1 ® d^)y\\ Mm{L r {N)) } 
= max{||y(l ® d^)\\ Mm{L c {N)) , ||(1 8) c^)y|| Mm(L r (Ar)) } 

holds for all y G M m {N). This shows that the map / = (Zt fc ) : L — > f^^. IK^ fc , defined on the 
subspace 

L = {(yd 1 2,dh)\y£N} C if\ 

is a complete contraction. Since iVds is dense in L2(N) and the mapping T(x) = d^xdT^ is 
bounded, we deduce that L is norm dense in K* . (Here we use that d and are bounded; in 
general we have only weak* -density.) We will use the obvious inclusion f\ tk IK tfcW C Y\t k u • 
By continuity we may extend I to a complete contraction I : K* — > T7 tfc w IK^ such that 

(6.2) Z((yd5,d2y))(/((x 2 ,x 3 ) +ker(g)) = lim/ tfe (y)(g 4fe (xi, ^2,^3)) = T({d^x* 2 + x%d^)y) 

KM 



holds for all x 2 ,x% £ L 2 (N) and y £ N. For 77 G X* we use the notation rj(x) = n(x). Then, 
we may define the adjoint I' : Y\ tk u IK tfe — > K** by 



vino) = Km) ■ 

It is easily checked that I' is also completely contractive. Using the reflexivity of K and (|6.2|) . 
we deduce that idx = I' I- ■ 

In the preceding sections, we had to work with two densities. We refer to JX2 for a more 
systematic explanation of why two densities are necessary for homogeneous operator spaces in 
QS(R(B C). Technically, two densities are easily obtained from the classical 2 x 2-matrix trick. 
Let (fi,£,/i) be a measure space and N = L DO (r2, S, /}; M2). The natural trace is given by 
t{x) = J tr 2 (x{uj))djl{ijj). Let d\,d 2 be two non-singular densities in Lq(N,t) of r-measurable 
operators. Then the diagonal 

( di \ 
I d 2 



d = 

belongs to the space Lq(N,t) and tp(x) = r(dx) is faithful. 



Lemma 6.3. Let N be as above. The (l,2)-corner of K is completely complemented in K and 
completely isometrically isomorphic to 

K(d 1 ,d 2 ) = L T 2 {p)® 1 L c 2 {p)/{{f,g)\fd\ + d\g = Q}. 

Proof: The orthogonal projection V(x) = ^ q q 2 1 ^ s completely contractive on L 2 (N) and 

L 2 (N). Moreover, we have (V, V)(ker(q)) C ker(g) and thus V extends to a complete contraction 
V on the quotient space L 2 (N) © L 2 (N)/ ker(q). The range of V is given by pairs (x,y) + ker(g) 
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such that x = ( 12 | and y = { ] . Then, we observe that 

loo/ \00/ 



i i 



xdUdh = ( ° ^+dly 12 \ 
Thus V(L 2 (N) © L 2 (N)/ kex(q)) is completely isometrically isomorphic to K(d\,d 2 ). ■ 

Lemma 6.4. Let (O, S, p) be a measure space and v\ = d± jl, v 2 = d 2 ft- Then 

L c 2 {u 1 )® l Ll{v 2 )l{{f,g) \f + g = 0a.e.} 

is completely isometrically isomorphic to K(di,d 2 ). 

i i 

Proof: Let S = {(f,g) \ fd 2 + d\g = 0}. The complete isometry is induced by the map 

i:L c 2 (9 1 )(BL r 2 (i) 2 )^K(d 1 ,d 2 ),i(f,g) = {fdf\d~^g) + S 
because ker(t) = {(/,<?) \ f + g = a.e.}. ■ 

7. Sums of free mean zero variables 

In this section we will consider free products in the sense of |VDN| to prove the probabilistic 
estimates we require. The estimates for cb-norms are obtained by considering free products with 
amalgamation (over matrix algebras). Duality will then provide the complementation for the 
3-term iT-functional. Let us recall the notion of operator-valued free probability needed in this 
context. We assume that a von Neumann algebra B is given along with a family (Aj) of von 
Neumann algebras Aj which all contain B. In addition, we assume that there are normal, faithful 
conditional expectations E± : Ai — > B. Let M be a C*-algebra containing B with a conditional 
expectation E : M — > B. We also assume that 7Tj : Ai — > M are *-homomorphisms such that 
E o m = Ei and -k^b = id. Now, the image algebras Bi = iTi(Ai) are free over B if 

Eih-'-bn) = 

holds for all n, bi £ B^, ...,b n £ Bi n with i\ ^ i 2 ^ ■ ■ ■ ^ i n and E(b\) = ■ ■ ■ = E(b n ) = 0. The 
scalar case corresponds to B = C and a state E : M — » C. Then the C*-algebra generated by the 
-Bj's is isomorphic to the free product *i^i(Ai, Ei) (see |BD| for details). We are more interested 
in the von Neumann algebra free product which will be described later. We refer the reader to 
|VoH IDk3| IBDj for a detailed description of the free product with amalgamation and the Fock 
space construction, an essential tool for our estimates. Let us use the standard notation 

Ai = (l-Ei)(Ai) 

for the -B-bimodule of mean elements. Following |Jlj we use the notation L^ >0 (Ai, Ei) for 
the completion of Ai with respect to the norm H^H^c / A . = \\Ei(x*x)\\ 2. In |BDj the space 
L^ )0 (Ai, Ei) is denoted by £ 2 (Ai, Ei). We consider the B bimodules 

Hi = ^(4£i)eB. 

The Fock space is the l?-bimodule 

(7.1) H = B® H ii ®B'~®B'Hi n . 



EMBEDDING OF OH AND LOGARITHMIC 'LITTLE GROTHENDIECK INEQUALITY' 



35 



Let us denote by Qi lt ,„ t i n the orthogonal projection onto the submodule Tt^ ®b ■ ■ ■ ®B Hj„. We 
denote by Q0 the projection onto B. As in |Laj we use the notation C(H) for the C*-algebra of 
adjointable right module maps. Indeed, a right module map T : TL — > Ti is called adjointable if 
there exists S : 7i ^ TC such that 

(S(s),y> = (x,T(y)) 

for all x, y £ H. (Here ( , ) is the -B-valued sesquiliner form.) Note that the Q% x i n are adjointable 
i?-bimodule maps, and that E(T) = Qt^TQ^ defines a conditional expectation from C{7i) onto 
B. The free product with amalgamation may be constructed by defining the *-homomorphism 
7Tj : Ai — > C(TC) as follows: If a E B, the 7Tj(a) acts by left multiplication on H. For a with 
E{(a) = and i\ 7^ i we have 

For i\ = i we have 



7r i (a)(/i il ® • • • <g> /i in ) = (ah h - Eitah^)) ® h. 



12 



h in + E^ahi^h 



12 



hi 



Then *j g /^4j is defined as the C*-algebra generated by tt^Ai). It turns out that then the image 
algebras Bi = iTi(Ai) are free over E. The conditional version of Voiculescu's inequality ( |Vo2j ) 
reads as follows: 

Proposition 7.1. Let en € Aj, such that only finitely many en 's are different from 0. Then 



< sup I aj|| + 



+ 



For our estimates, we follow Voiculescu |Vo2j and define the projections 

Pi= E 

Lemma 7.2. Letaeki. Then (1 - Pi)iTi(a)(l - Pi) = 0. 

Proof: Given hi x ® ■ ■ ■ ®hi n 6 7^ (8> b • • • ® B T~(-i n and i\ / i, we observe that 

/i = -Ki{a)(h ix ® ••• (8) h in ) = a®h h ---h in 

is an element of TLi <S>b • • • ®eHj„. Thus Pi(/i) = /i and (1 — Pi){h) = 0. By linearity this 

yields the assertion. ■ 

Corollary 7.3. Let a G ^. T/ien (1 - P i )vr i (a)(l - Pi) = Ei(a)(l - Pi). 
Proof: This is obvious from Lemma 17.21 bv writing 

TTi(a) = TTi(a - Ei(a)) + 7Ti(Ei(a)) = iri(a - Ei(a)) + Ei(a) . ■ 

We will now give the easy proof of Voiculescu's inequality: 

Proof of 17. H We deduce from Lemma that 

XVifo) = ^PM<H)Pi + ^(l-P^i(<H)Pi+^^i(ai)(l-Pi) 

i i i i 

+ J20- ~ Pi)n(ai)(l - P) 
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Since the Pj's are mutually orthogonal, we have 



^2Pm(ai)Pi 



sup [|Pi7ri(o»)Pi|| < sup||aj 



Now, we consider the second term. By orthogonality, positivity and the module property, we 
deduce from Corollary 17.31 that 

2 



5^(1 - PjnMPi 



5^(1 - POvr^aOPPvrKaO^l - P) 



i,2 



< 



< 



Y J ^-Pi)^i(ai)PMa i T(l-P i ) 

i 

Y,(l ~ Pi)Ei(a ia *)(l - P 

i 

Y,Ei{aia*) l 2(l-Pi)Ei( ai 

i 



^(l-Ph^oa-p; 



The calculation for the third term is the same. ■ 

The converse of Voiculescu's inequality will be formulated in the predual of the von Neumann 
algebraic free product. This definition follows a general scheme for C*-modules over von Neu- 
mann algebras (see |Paj ) . For simplicity we will assume in the following that ip is a normal 
faithful state on B. Let K be a C*-module over a von Neumann algebra B. Then the Hilbert 
space K ®b ^(B) is defined by the completion of K with respect to the norm 



I h\\ 



ip{< h,h>)'2 . 



Let T G C(K). We have 



\\Thf = (p(<Th,Th>) < \\T\\ 2 (p(<h,h>) . 

Since ip is faithful, we find a faithful ^representation tt : C(K) — ► B{K 0b ^(P))- We apply 
this to Ti from 1)7. 1|) above and obtain the von Neumann algebra *j g /(^4j,Pj) as the closure of 
■K{*i£i(Ai,Ei)) in the weak operator topology on 7i 0b ^(B). The following fact is certainly 
well-known to experts. We give a proof for lack of a reference. 

Lemma 7.4. E$(T) = Q%TQ$ is a normal faithful conditional expectation from *j 6 /(Aj,Pj) 
onto B. 

Proof: The idea of the proof is very simple. For a 6 Aj we define the modified right action 

„ w, ^ v \h h ®---®h im ®a if i m ^i 

nl{a)(h h ®---®h im ) = I 

if « m = z 
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It is elementary to check that 7r^(a) commutes with iTk{ a k) f° r an a £ Aj and a& G A\~. Therefore 
the right action commutes with the von Neumann algebra *j 6 /(A.j, Ei). Let C be the algebra 
generated by the 7r[(Aj)'s and the identity. Then CQ% is dense in Ti. Let x be a positive element 
in the von Neumann algebra generated *i^iAi such that E$(x) = 0. Then x^Q® = 0. Since x^ 
commutes with elements in C and CQ$ is dense in TC, we obtain x%h = for all /i € 7Y. Thus 
x = 0. The careful reader will have observed that the only shortcoming of this argument is that 
the right actions vr[(a) are not necessarily continuous and therefore the passage from elements 
in *i£j(Ai, Ei) to elements in the von Neumann algebra is not justified. In order to avoid this 
difficulty, we consider the right action on Ti ® B -^2 (-£>)• By assumption the states ipi = ipo Ei 

— 1/2 

are faithful. Let a E A% be an element in the domain of A^ , where Aj is the generator of the 
modular group af l . Then there exists a constant C such that 

tp(a*y*ya) < Cip(y*y) 

holds for all y £ A t . We define the right action R a : K ® B L 2 {B) -» K ® B Ai® B L 2 {B) by 
R{a)x = x ® a. We observe that 

||i?(a)x||2 = <f(a* < x*,x > a) < Ccp(<x*x>) = C \\xf Klg)BL ^ B) . 

i 

In particular, R(a) is continuous on K ® B L,2(B). Let D? be the cyclic and separating vector 
for (fi in Li2{Ai). If (a s ) is a bounded net converging strongly to a, then 



lim \\h (8> (a — a. s ) [ 1 2 = nm 



< h,h >2 (a — a s )D 







It is well-known (see |KRj ) that the algebra of analytic elements is strongly dense in A{. Moreover, 
since crfoE = Eoaf* , we see that for analytic x the expectation E(x) is also analytic. Therefore 
elements in A, can be approximated by analytic elements in A,. We replace the algebra C from 
above by the algebra generated by right actions 7r|"(oj) where the aj's are analytic elements in 
Aj, i G I. Then CQ$ is dense in TL ® B L,2(B) and the argument at the beginning of this proof is 
justified. ■ 

In the following, we use A4 f ree = *i^j(Ai, Ei) and denote by eft = ipo E$ the normal faithful 
state on Aif ree . We denote by {D v , D Vi ) the density of (ft in Li(Mf ree ) (the density of 99 in 
Li(B), the density of (fi = (p o Ei in L\(Ai), respectively). These notation suggest that all these 
densities and states are compatible. Indeed, we deduce from (|1.6|) that 

afoE = Eo a?* . 

The same argument holds also for the inclusion iTi(Ai) C Ei). Moreover, following |BD1 

Lemma 1.1], we have a conditional expectation Si : 7W/ ree — > 7Tj(Aj) given by 

£i{x) = {Qi + Q®)x(Q t + Q ) G C(B © A,) = £(24(^,^0) 

such that 

^i(7Tj(«i))a2 = 0102 

holds for all ai, 02 G A4. Moreover, if ir^ : Ai — > £(Aj) denotes the left action of on /^(Aj, .Ej), 
then £i(Mf ree ) C 717, (Aj). Obviously we have E{ o Si = E$ and hence = tpi o £ 4 . Applying 
Ijl.fiJI once more, we deduce that 

(7.2) of o Ei = Si o a? 
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holds for all i £ I. Now, the converse of Voiculescu's inequality is easily verified: 



Lemma 7.5. Let (aj) be a sequence of elements en 6 Aj such that only finitely many elements 
are non zero. Then 



(7.3) 
(7.4) 
(7.5) 



} ]7Ti(ai)D q 
i 

i 



Li(M free ) 



Li(M frt 



Ll(Mfree) 



< ^JllOi-DpilL^Ai) ' 



< 



< 



i 



MB) 



Li(B) 



Proof: Using ip o E$ = <fi, we have a natural family of embeddings i p : L p (B) — > L p (A4 f ree ) 
satisfying 

(7.6) ^(DfbD*) = D^bD* 

for all b €E -B (see |JXlj ). Since o Ei = <f> we also have a family of isometric embeddings 
: Lp(^4j) — > L p (M.free) such that 

(7-7) , p (D^aDl) = d/clD* 

for all a 6 ij. The triangle inequality implies (|7.3|) . For the proof of Q7.4j) . we consider z = 
^jTT^aj) with ai € Aj. Note that by freeness 

1 /2 

Since £0 is a conditional expectation we deduce from ||£^0 (ac*a;) < H^H^ and by duality (see 
j3U Corollary 2.12]) that 



(7.8) 

We deduce with (|7.6j) that 



DjEa(z*z)Dj 



< 



Dlz*zDl 



< 



} j D (t> Ei(a*ai)D 4 



Assertion (|7.5jl follows by taking adjoints. ■ 

We now reformulate these inequalities in terms of a complementation result. Let M be a 
von Neumann algebra and £ : N — > B be a normal faithful conditional expectation onto a von 
Neumann subalgebra B. Let <p be a normal faithful state on £?. We denote by D^ Q £ the density 
of ip o 8. As for the three term K- functional, we define a new norm on L\{M) by 

IMIk ?1 (a^) = ^ 1 ig a+X3 ™lkilli + v^lk2|| X c(^ i e) + V^||s3lL I (Ar,£) • 
Following Jl , the space L\(J\[,£) is defined as the closure of ft/D^os with respect to the norm 



\\D !fo£ £(z*z)D lfo£ \\l . 
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The space L^{M,£) is the space of adjoints of elements in L\(N,£) defined by the norm 

IMIl4(Af,£) = H x *llLf(AT,£) • 

For both spaces we have contractive injective inclusions L\{N,£) C L\{M) and L\{N,£) C 
L\(M) (see l)7.8jl ). Therefore IK n (AA, £ ) is well-defined. The following observations are immediate 
consequences of Corollary 2.12]. There we used the antilinear duality bracket. However, the 
adjoint map J(x) = x* is an isometry on JK n (M, £) and thus we may work with the usual trace 
duality. 



Lemma 7.6. The dual ofTK n (N,£) with respect to the duality bracket 

(x,y) n = ntr(xy) 

is M equipped with the norm 

h\W n {N,e) = ™x{\\y\\ M ,n~^\\£(y*y)p ,n-^\\£(yy*)p} . 

In Voiculescu's inequality it is very important to work with mean elements. This will be 
achieved by a standard symmetrization process. We define Ai = ^(M) = M © M. All the 
conditional expectations Ei coincide with E defined by 

E[x , v) = £M±£M . 

Proposition 7.7. The space TK n (N,£) is 3- complemented in Li(*i<j< n (AA © J\f, E)). 

Proof: Let D^, D v , D VO £ and D^e be the density of 4>, ip, ip o £ and ip o E on Mf ree , B, M 
and A, respectively. We may identify the space Li(A) with L\[N) ffii L\(J\[). Then the state 
ip o E is given by 

tr(xD^ o£ ) + tr(yD^ o£ ) 
ipoE(x,y) = * * — . 

Therefore, we may assume that D vo e = (^D^g, ^D^g) G L\(N) ®i L\(N). For x E N we 
define ex = (x, —x) £ A. The embedding will be realized by the map T : L\{N) — > Li(Mf ree ) 
given by 



T(xD tpo s) = y^ j ir i (ex)D ( f, . 



According to l|7.3|) . we have 



||r(^)lli < n||( e x)L»^ E || Li( ^ 



Tt 

2 ( II 1 1 Li (AO + II _XjD vIIli(aT)) = n lp- D vlli 1 (AA) • 



Similarly, we deduce from the fact that ex has mean and ((I3J) that 



lin^)lli < 



< 


n 

D^^TT^l^x))^ 


2 _ 

= Vn 




1=1 


LUB) 



(D v £(x*x)D„ 



Li(S) 



For an analytic element x G A/" a , we deduce from ()7.2j) that 

n n 

(7.9) T(^ of x) = T(a^x)D^) = ^V^ea;))^ = £ityr<( ea . 



fe=i 



fe=l 
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By continuity this equality extends to all elements x £ N . Hence, (j7.5j) implies the missing 
inequality and we deduce that 

\\T:TK n (Af,£)^L 1 (M)\\ < 1. 
We define the map S : N — > M by 

n 

S(y) = £>te/)- 

i=l 

According to Proposition 17,11 we have 

\\S :JK n (M,£)* ^ M free \\ < 1. 
Moreover, using trace duality (x,y) Mfree = tr Mfree (xy), we get 
(T(xD ip ),S(y)) Mfree = tr Mfrae (T(xD v )S(y) ) 

n n 

= ^tr M;ree {jT i (ex)D^'Ki{ey)) = ^ip(yx) = {xD ip ,y) n . 
i=i i=i 

We denote the restriction of 5* to Li(M.f ree ) by S' = S*\i Jl ^ free . Then we obtain a map S' : 
Li(M.free) — ► K n (Af, £)** such that S'T coincides with the natural inclusion map of IK n (jV, £ ) 
in its bidual. We want to show that S'T = id^nj-^y It suffices to show that S' (L\(M. f ree )) C 
K n (jV, E). For the proof of this inclusion, we observe that *j e / n (A, E^) is strongly dense in 
Mf re e and hence *i^j n (A, E^D^ is norm dense in L\(M.f ree ). Thus it is enough to consider 
elements of the form x = zD^, where z = nj 1 (ax) ■ ■ ■ ftj m (a m ), a k G Aj k . Then, we have 

n n 

(S'(x),y) = tr(xS{y)) = ^tr^D^n^ey))) = ^ ^(^(ey^j^ax) • • ■ %(a m )^) . 

i=l i=l 

Thus for S'(x) ^ to hold we must have m = 1 and we may assume that x = Tr k ((ax,a2))D ( f ) for 
some 1 < k < n. In this case we obtain 

(7.10) (S'(x),y) = 4>(ir k (ey)Tr k (a 1 ,a 2 )) = -((p(yax) - (p(ya 2 )) ■ 

This implies that S"(7r fc ((ai,a 2 ))-D0) = \(a x - a 2 )D ip . By density S' (Li(M f ree )) C Lx(N). ■ 
A natural example of freeness with amalgamation is given by tensor products. 

Example 7.8. Let (Cj)ig/ be von Neumann algebras and (fa) a family of normal faithful states. 
Let B be a von Neumann algebra. Let iri : C{ — > *i^i(Ci,(pi) be the embedding and <p = *i£i4>i be 
the free product state and Ef ree : S®*j g /(Cj, fa) — > B be given by Ef ree (x (8 y) = xcj)(y). Then 
(id (8 7Tj) (B®Cj) are free over Ef ree . 

Proof: Let a = J2T=i x k ® G S Cj. We observe that 

m 

7Ti(o) - E(TTi(a)) = ^2x k ® (ni(y k ) - fa(y k )l) . 

k=l 

o 

This shows that (id — 1 (8 fa)(B®C) D B ® C = B C^. Thus, given ai,...,o n such that 

o 

a, £ (id — 1 <8 4>.- h )(B®C) n -B C, we may write a,- = SfeLi ^jfe <S> ^ (yjfe) with E . (The 
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same m is achieved by adding O's.) If i\ ^ • • • ^ i n the freeness of the 7Tj(Cj)'s implies that 

m 

E(ai---a n )= x lkl ■ ■ ■ x nkn <p(y lkl ■ ■ ■ y nkn ) = 0. 

By Kaplansky's density theorem, the unit ball of B^mmCij is strongly dense in B®Ci 3 . Therefore 
mean elements a,j in B®Ci - may be approximated in the strong operator topology by bounded 

o 

nets aj{a) of elements in B £5> m i n Cj.. By continuity this implies that 

E{a\ ■ ■ ■ a n ) = lim£(oi(a) • • • a n {a)) = 0. ■ 



According to |Volj it is well-known that free products of von Neumann algebras with states are 
in general not semifinite. Therefore, we have to work with Haagerup L p -spaces in this context. 
We will now describe the natural isomorphism between the 3-term iT-functional in the setting 
of Haagerup L p -spaces and in the setting of semifinite L p -spaces. 

Lemma 7.9. Let N be a semifinite von Neumann algebra with trace tn- Let if) be a faithful, 
normal state on N with density S L\(N,tn). Let B be a-finite and semifinite. Then there is 
a natural isomorphism 

Kn(B®JV,l®^) =L X (B) ® WL n {N,d^) . 

Proof: The trace on B is denoted by tb- Let d^ G Li(B, tb) be the density of a faithful normal 
state <f on B. The density £ Li(B®N) of (p<S)i/> has full support because ptgnp is faithful. 

The complete isometry / : L p (B<g>N) — > L P (B®N, tb <S> tn) between the Haagerup L p -space and 
the semifinite L p -space is given by 

Since I commutes with the modular group (see also |JX1| ) we have 

KD%zD*^) = {df ® d/>(df ® 4) • 

We use £ = 1 ® ijj for the conditional expectation from B®N onto B <g) 1 C N. In section 1 
(see (1.10)) we discussed the Li (-B)-valued extension of the scalar product on the Hilbert space 

2 

H = L2(N). Given 61,62 £ B and ni,n 2 E N, we find 

11 11 
{bidy <g> nidy, b 2 d ip <g> n 2 d|) = d^bfadp (nid^,n 2 d^) = d^bfad^ t/' (1*712) 

= d v £((bi <g> ni)*(6 2 (8) ^2))^ . 

Then r(d^) = 1 and (|1.10|) imply that 

1 1 
ll' z -^¥'®V , llLj(Big)iV,£) = ll-^v?®'/''^^* 2 )^'' 1 /?®'/' II 1 = II (^v ® d^,)£(z* z)(d v , tg) d^)[|| 



d<^£ (2* z^HI 
1 

^(d^ <S> d^) 



>(d v d*),z{d v <g> d^)) 
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I A 

This shows that L r (x) = I(x(l® dl)) is an isometry between L\{B) © L r 2 (N) and L\{B®N,£). 

i 

Using adjoints, we see that l c {x) = © dl)x) also is an isometry. Since these isometries are 
compatible with the map q n defined before Proposition 16. 11 we deduce that the map i n (x) = 

A 

^/nl(x) yields an isometric isomorphism between ~\K n (B®N) and L\(B) © TK n (N, d^). ■ 

Corollary 7.10. Let N be a semifinite von Neumann algebra and let tp be a faithful normal 
state with density d^. Let ip(x,y) = \{ip{x) + ip(y)) be the corresponding state on N ®N. Then 
JK n (N, d^p) is ^-completely complemented in Li(*i<j<„(iV © N, ip)) for all n £ N. 

Proof: According to Lemma 17.91 with B = C it suffices to show the assertion for !K n (iV, ip). 
Here ip is considered as a conditional expectation onto CI and the operator space structure 
is the one given by the isomorphism in Lemma 17.91 We define C = N © N and denote by 
■Ki : C — > *i<i< n (C>V') the natural embeddings. We shall write <p = *i<i<n' l P f° r the f ree product 
state. The map T : IK n (iV, -0) — > Li(*i<j< n (Cj, ip)) is given by Proposition 17.71 

n 

T(xD^) = y~]'Ki(ex)D ( f ) . 

i=l 

In order to show that the maps T and S' obtained in Proposition 17.71 are indeed completely 
bounded, we use operator- valued free products with respect to B = M m . Then we shall use M m = 
M m (N) with the conditional expectation £ m (x©y) = ip{y){x®l). Note that N m ®N m = M m (C) 
and the conditional expectations Ei : M m (C) — ► M m given by Ei(x®y) = ip(y)x are compatible 
with the definitions before Proposition 17. 71 According to Example 17. 81 we know that the algebras 
(id©7Tj)(M m (C)) are free over 1©^. M m (*i<j< n (C, tp)) is generated as a von Neumann algebra by 
the algebras (id®Tti){M m (C)). Hence M m (*i<j< n (C, ip)) and *i<i< n {M m (C), Ei) are isomorphic. 
Therefore we are in a position to apply Proposition 17.71 We use the normalized trace (p m (x) = 
^tr(y) on B = M m . We observe that (p m o E restricted to 1 © ./V induces ip and hence A^ m0 £ = 
D <p m ®ip- Moreover, in the Haagerup Li-spaces Li(M m (N), (fm^ip), Li(M m (*i<i< n (d, if))), y? m © 
(f>), we have = 1 © D^, D^ m ^ = 1 © D^, respectively. We denote by T^- m \ the 

maps constructed in Proposition 17.71 for K n (A/" m , £ m )- We find that 

n 

{id Lx {M m )®T)(x{l®D i ,)) = Y,{id®ix i ){ex){l®D 4> ) = T^ rn \xD Vm ^) . 

1=1 

Hence ||^Li(M m ) ® T\\ = ||T( m )|| < 1 and T is a complete contraction. Using the concrete 
form of constructed in Proposition 17. 7\ we find that = id^Mm) ® S and hence 

II^IU<3. ■ 

Theorem 7.11. Let N be a semifinite von Neumann algebra with trace r and d a positive density 
in Lq(N,t) with full support. Then K(N,d) is ^-completely complemented in the predual of a 
von Neumann algebra Ai. If N has QWEP, then there is such an A4 with QWEP. 

Proof: According to Proposition 16.21 we have K(N,d) = lim m K(N, e m d). Here e m = Lj_ m i(d) 
are the spectral projections of d. Using an ultraproduct, Lemma 17. 141 and the reflexivity of K, 
it therefore suffices to show the assertion for a density with r(d) < oo. By normalization we 
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may assume r{d) = 1. We define the state ip(x) = r(dx). According to Lemma 16.21 K(N,d) is 
1-completely contractively complemented in 

n /K n (N,d). 

By Corollary 17. 101 w K n (iV, d) is 3-completely contractively complemented in 
(7.11) M* = TT i M* 1<i<n {N@N t 4>)) 

for every free ultrafilter U on the integers. This completes the proof in the general case. If we 
assume in addition that N is QWEP, then e m Ne m is QWEP for every m G N. According to 
Theorem 17.151 fbelow) . the von Neumann algebras *i<i< n (N (B N, ijj) are QWEP. Since A QWEP 
implies that A°p QWEP, this implies with ([L"7|) that M from (|7~TT|) is QWEP. Using Lemma 
17.141 (below) the QWEP property is stable under ultraproducts and the assertion follows. ■ 

By standard properties of the projective tensor product, we obtain the following application 
of Theorem 17. Ill 



Corollary 7.12. Let N be a semifinite von Neumann algebra with trace r such that N is QWEP. 
Let d be a density in Lq(N,t) with full support. Then 

K{N, d) ® K(N, d) 

is 9- completely complemented in 

A 

M* <g> M* 

for some von Neumann algebra A4 with QWEP. 



Proof of Proposition 14.61 and Theorem 3: We consider Q = N x [0, 1] and jl = m ® 

with m the counting measure on N and d[i{t) = dt/(TTy/t(l — t)). By Lemma 16.31 and Lemma 
I6.4[ we see that G is completely contractively complemented in K{M2{L OQ (N x [0, 1 <8> d) 

where d(t) = ^ g x ^ t ^ Hence the assumptions of Theorem 17.111 and Corollary 17.121 are 

satisfied. This completes the proof of Theorem 3. The lower estimate in Proposition 14.61 follows 
immediately by complementation. ■ 



Remark 7.13. Using Speicher's central limit theorem (see |Spl| ) it is not too difficult to identify 
the underlying von Neumann algebra of the embedding of OH (and indeed an arbitrary quotient 
of R © C) as a free quasi- free state factor of Shlyakhtenko jSJ. In case of OH this turns out to 
be a free quasi- free factor of type IIIi . After an early draft of this paper circulated, Pisier |Ps8j 
found a more direct approach to Theorem 17. 1 II without using the three term X-functional. This 
yields an easier way to identify OH in the predual of a type III factor. For related results in the 
Lp-setting and more information on the possible types of these factors, we refer to |,X.u| , The 
approach via the three term i^T-functional is used in |J4] for a 'concrete' embedding of OH in the 
predual of the hyperfinite IIIi factor. 



At the end of this section, we will provide the results on the QWEP property needed above. 
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Lemma 7.14. Let (M s ) be a family of QWEP von Neumann algebra. Then the von Neumann 
algebra M = (U s ,u M *T otao has QWEP. 

Proof: According to Kirchberg |Ki2j . we know that Y[ M s is QWEP and thus (J^il/P)** is 
QWEP. Following Groh |Grj . we observe that the space of functionals Y\ s u^* on II ^ s * s ^ er ^ 
and right invariant under the action of J|M S . Hence there is a central projection zjj such that 
M ^ z u (\\M s )**. Thus M is QWEP. ■ 



Theorem 7.15. Let N and M be von Neumann algebras with QWEP and let 0, ip be normal 
faithful states on N , M, respectively. Then the von Neumann algebra (N,(f))*(M,ip) is QWEP. 

We need some preparation. The following result can alternatively be proved using Dykema's 
deep analysis of free product of matrix algebras (see {Dk2 j ) . We prefer a more direct approach 
using results from Shlyakhtenko |S1) . 

Lemma 7.16. Let A\, A2 be matrix algebras with normal faithful states 0i and 02. Then the 
free product {Ax, 4>i)*(A 2 , 02) is QWEP. 

Proof: First we observe that we may assume A± = A2 and 0i = 02- Indeed, we consider 
(A, 0) = (A\®A2, 01002)- We denote by tt\ (and 7^) the embedding of A in the first (respectively 
second) component of the free product. Then the von Neumann algebra generated by 7Ti (Ai tg> 1) 
and 772(1® A2) is isomorphic to the free product (A±, 0i)*(t42, 02) and invariant under the action 
of the modular group of the free product state 0*0. By Takesaki's theorem (see e.g. [i?t| 
Theorem 10.1]) we deduce the existence of a normal conditional expectation and hence it suffices 
to assume A\ = A2, 04 = 02- 

Now, we assume A = M n and that 4> n (x) = Ylk=i ^k%kk is the given state. We recall the 
notation 1(h) for the creation operator on the full Fock space F(H). On B(T(P^ )) <g> M n we 
consider the state <3? = 0^ <g> 0„, where 0q is given by the vacuum state. According to |S11 
Theorem 5.2], we know that the C*-algebra C*(L) generated by the operator 

n 

k,l=l 

is free from M n . We consider the semicircular operator 

n 

s = L + L* = iv^Khkl) + VXlKhlk)*} ® e kl . 

k,l=l 

For k < I we obtain the generalized semicircular elements 

yki = v'VW + v/VW = ^W + ^WT 

By orthogonality we deduce that the family (yki)k<l ls *-free. For fixed / < k the von Neu- 
mann algebra D^i generated by y k i is isomorphic to the von Neumann algebra Tx l /\ k intro- 
duced in |S11 section4]. Moreover, the restriction |z? fcZ corresponds to the vacuum state 0A fc /A ; 
on T\ L j\ k . Hence the von Neumann algebra M generated by all the -Dfc/'s is isomorphic to 
*k<i(T\ k /\ l , 0A fe /A ; )- in particular, $ is faithful on the von Neumann algebra iV = M ® M n and 
the isomorphism between N and *k<l(T\ k /\ l , 0A fc /A ; ) ® M n sends *k<i4>\ k /\ l <S> 4> n to <I>. In [HU 
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Theorem 2.9] Shlyakhtenko investigated an automorphism group at of T^ h n t and showed that it 
satisfies the KMS condition at inverse temperature 1 with respect to (f)\ k /\ r In our normalization 
the modular group af of an arbitrary normal faithful state (f> satisfies <j){xy) = 4>(ya'f_ i (x)), i.e. 

^A /A | _ | 

the KMS condition at inverse temperature —1. This implies that a t k 1 = a-t- We refer to |S11 
section4] for the equation at(yki) = (^i/ \k)~ lt Um- Thus we have 

^k/h i \ ( ^ Y 

° t vvw = \t~) m ' 

(See |Ps8j for a direct argument.) We deduce from af"(eki) = A^e^/Ap* that 

This implies that s belongs to the centralizer of the von Neumann N. The von Neumann 
algebra W*(s) generated by s is isomorphic to £oo[0, 1]. Let u S W*(s) be a Haar unitary. 
Clearly, the algebras uM n u* and M n are free with respect to <E>. Moreover, we deduce from 
af (u) = u that 

4>(uxu*) = (p(xu*u) = (j){x) . 

Therefore the von Neumann algebra M generated by M n and uM n u* is isomorphic to the free 
product (M n ,0 n )*(M n ,</> n). Since M n and uM n u* are invariant under af, we find a normal 
conditional expectation from N = *k<i{Tx k /\ l , ^A fe /A ; ) ® M n onto M . According to |PS| Lemma 
2.5], the von Neumann algebra *k<i{Tx k /\ l ,(t) ak /\ l ) is QWEP and the assertion follows. ■ 

Remark 7.17. The preceding argument implies in particular that 

M n (*k<l{T\ k / Xl A\ k /h)) = (M„,<A„)SLoc[0,l] 

In the tracial situation we need n + 2 ^ n ~^ n = n 2 semicircular random variables. This leads to 
the well-known isomorphism M n *L(Z) = M n (L(¥ n 2)) (see |VDN, Theorem 5.4.1]). 

Our proof of Theorem 17.151 requires us to show that free products and ultraproducts are 
compatible. We will need some notation. Let (Aj,(pj)j^j be a family of von Neumann algebras 
Aj with normal faithful state <j)j. For a free ultrafilter IA on J, we consider the von Neumann 
algebra B = {\\- y{Aj)^)* and the ultraproduct state &(xj) = lim^ 4>j(xj). Let us denote by e 
the support of <£. Then $ is a normal faithful state on eBe. We use the notation LJ^ y[Aj, cj)j] = 
e (T\j w(A?)*)* e f° r thi s von Neumann algebra. (This is the non-tracial version of the usual von 
Neumann algebra ultraproduct of /Ii-von Neumann algebras.) 

Lemma 7.18. Let A\, A2 be von Neumann algebras with normal faithful states <f>\ and ip2- 
Let 7Tfc : Ak — > rijt^fej) 0fc,j] be a faithful state preserving homomorphisms. Assume that the 
ultraproduct states $f.(( x j)) = linij t y <f>k,j( x j) satisfy af k o ix k = ir^o af k for k = 1,2. Then 
there is an injective * -homomorphism 

a : (Ai, <pi)* (A 2 ,<P2) -» Yl u [(A hj ,(j) 1 j)*(A2j,(p2,j),(l)i,j * <hj] 
together with a normal conditional expectation onto a((Ai,ipi)*(A2,<p2))- 
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Proof: We need a preliminary observation. Let N C M, E : M — > N be a normal conditional 
expectation, and let <f> : N — > C be a normal state. We denote by e the support of (ft and by / 
the support of ip = <j) o E. We want to show that every element in x £ eMe commutes with /. 
Let E* : N* — > M* be the predual map such that (E*)* = E. Note that E* is a A^-bimodule map 
and E*((f)) = (ft o E = ift. Given an analytic element x 6 eiVe, we see that 

(l-/)^ = (l-/)x^(0) = (1 - f)E«(xcft) = (1 - f)E^at t (x)) 

= {1 - f)M*)*U*) = = o. 

Thus, for analytic elements, (1 — f)xf = and (1 — f)x*f = 0. By the density of the analytic 
elements, this implies that xf = fx for all x £ eNe. 

Let (Ai,(fti), (A2, </>2 ) and (A k j, <Pk,j) satisfy the assumptions. Let us denote by tftj = (ftij*4>2,j 
the free product state and Bj = (Aij, 4>ij)*(A2j, </>2j)- We denote by tt^j the natural inclusion 
map of Aft j in Bj using the first (second) component for k = 1 (k = 2, respectively). Then we 
find a mapping p k : Y\ jtU A k j -> Yl jtU B j g iven b Y P*(oj) = (^fcj^))- Bv density with respect 
to the strong operator topology, we may extend p k to a *-homomorphism from (Ilj 
to (IX/i/O^i)*)*) s ^ m denoted by p. For every j and fc = 1,2 we have a normal conditional 
expectation E k j : -Bj — ► A^j such that ipj = (ft k jo E k j. The predual maps provide contractions 
(Ek t j)* ■ (Ak ; j)* — > {Bj)* such that ((Ekj)*)* = ^fcj- This induces (complete) contractions 
(Ek)* ■ YIju(Ak,j)* — > T\ju(Bj)* such that ((E k )*)*pk = id. We follow Raynaud's notation ( )• 
(see |Ra| ) for equivalence classes in ultraproducts and in (Iljw^*)* - ^ n ^ s notation we have 

(£jO*(<M' = W ■ 

Let us denote by ^ = (ipj)* the ultraproduct state. The support of is denoted by /, 

e k , respectively. By our preliminary observation we see that elements in Pk(ek{TIju(Ak,j)*)* e k) 
commute with /. Therefore, p k induces a *-homomorphism p k (e k xe k ) = f pk(ekxe k )f between 
the von Neumann algebras T\ji([A kj j, (ft k j] and Yljui^j^j] f° r k = 1,2. For the modular group 
we use Raynaud's |Raj characterization 

(7-12) *?(/(lfc)V) = !Wi U,,))'!- 

A similar formula holds for the <3?fc's. We certainly have / < p k (e k ). Thus we get 

crf{fPk{ek(xj) 9 e k )f) = of (f p k ((xj)') f) = of (/ (n k>j (xj))' f) = f (o t j (7r k>j (xj)))' f 
= f{Kk,j{ot k,J {xj))yf = fpk{e-k{ot h,3 ( x j)Y fi k)f = Pk(of k (ek{xj)'e k )) . 

By density we find that of o p k = p k o of k for k = 1,2. Thus we have found embeddings a k = 
p k ir k of A k in Y\jn[Bj,iftj] satisfying \& o a k = ip k . Using the assumption of k o it k = ir k o of k , 
we deduce that 

(7.13) of o a k = a k o of k . 

If we can show that a\(A\) and 02(^2) are free with respect to Vf, then the von Neumann 
algebra C generated by a\{A{) and 02(^2) is isomorphic to the free product (Ai, <p2)*(A2, 4>2) 
and admits a normal conditional expectation as guaranteed by Takesaki's theorem (see e.g. [Stl 
Theorem 10.1]). Let us show freeness. Consider a r G Aj r and assume i\ 7^ 12 ■ ■ ■ ^ i m . We may 
replace the a r 's by their analytic approximations 

7f"K) = / *?*fi(t)dt, 
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where fi(t) = y-e . Note that 7] !r (a r ) still has mean 0. Since ejt(^ Aj^)e-k is strongly 
dense in \\- u [Aj^, 4>k,j] we ma Y apply Kaplansky's density theorem to approximate ai r (a r ) 
by a bounded net of elements (aj r j |S ) s6 5 in the strong operator topology. We observe that 
lim s 4>i r ((cii r j iS )*) = ipi r (a r ) = 0. Therefore ((ai r j !S — (f>i r j(arj,s)^)')ses also provides a bounded 
net converging in the strong operator topology to ati r (a r ). We use the notation aj rJ)S = 
a i r ,j,s ~ ^ir,j( a )l- Using the strong continuity of the modular group it is easy to show that 
T* {f{'^i r j((H r ,j,s))' /) converges to T*(aj r (a r )) in the strong operator topology. We deduce 
from ljTT2|) that 

For an arbitrary family (yj) we observe that 

= (l-/)*(rr*S(Ii(y i ))' = 0. 

In the last line we use the fact that the norm of <r^(T;(yj) can be estimated as a function of 
\\yjW and I. Applying this argument also for adjoints, we deduce that 

(7-14) f{Tp(yj))' = {Tp (%•))*/ • 

Using (|7.13|) . (|7.14|) and the component- wise freeness we get 

* (a h (if 1 ( ai ))a l2 (I** (a 2 )) • • • a, m (a m )) 
= * (r* K ( ai ))a l2 (T^ (a 2 )) • • • a Jm (a m )) 
= lim*(r*(/((7r ilii (^ lii)Sl ))V)«i 2 (T^(a2)) • • • «, m (T^(a m )) 
= limM/(/(Tf (7r il)i (a ilJ>1 ))7«i 2 « i2 (a 2 )) • • • a im (T^(a m )) 

= limlim •■■lim* {T? 3 j (a h , i)S1 )) V(^vr i2 ^(a^ S2 )) */ • • • 7r w (a im >jt S J)' J 

= limlim •■■Km* (^""Nii J &i J. ( T f ^.i^ ' ' ' (^^jt^ •*,*»))" ) 

Si S2 S-m \ J 

= lim lim • • • lim lim ipj (T, / tt^ j (a^ j, 51 )T { 3 vr i2 j (a; 2 J>2 ) ) • • • T, J vr im j (o im J>m ) ) = . 
Taking the limit for li, l m — ► oo yields the assertion. 



Proof of Theorem 17.151 Let A\ and A2 be von Neumann algebras with QWEP. Accord- 
ing to 132] (and a slight perturbation argument), we find state preserving embeddings tt\ : 
A\ — > Y[.ifA t-^m(i) ) 0i] an d tt 2 : A 2 — > ■ W / [M m Q-) , cf)j] together with state preserving condi- 
tional expectations E\ : [M m ^ , 0j] — > A±, E2 : Ylj^{i[M m ^,^>j] — > A±. This implies that 
7r 1 (^4 1 ), vr 2 (A 2 ) are invariant under the modular group of the ultraproduct states $1 = (4>i)°, 
&2 = (^j)*) respectively. We consider the index set I x J with the ultrafilter IA" defined as 
follows: B G U" if and only {% \ {j \ G B} G Z/} G Z/. We define (Ai^-, 01,^-) = (M m(i) , <^) 
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and (Azjj , (f>i t ij) = (M m fj\, qbj). According to Lemma fT. 181 we deduce that (A\, ipi)*(A2, ^2) 
embeds in 

and admits a normal conditional expectation. Therefore Lemma 17.161 and Lemma 17.141 imply the 
assertion. ■ 
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